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HOMOLOGY OF PSEUDODIFFERENTIAL OPERATORS
ON MANIFOLDS WITH FIBERED CUSPS

ROBERT LAUTER AND SERGIU MOROIANU

Abstract. The Hochschild homology of the algebra of pseudodifferential op-
erators on a manifold with fibered cusps, introduced by Mazzeo and Mel-
rose, is studied and computed using the approach of Brylinski and Getzler.
One of the main technical tools is a new convergence criterion for tri-filtered
half-plane spectral sequences. Using trace-like functionals that generate the 0-
dimensional Hochschild cohomology groups, the index of a fully elliptic fibered
cusp operator is expressed as the sum of a local contribution of Atiyah-Singer
type and a global term on the boundary. We announce a result relating this
boundary term to the adiabatic limit of the eta invariant in a particular case.

1. Introduction

Let X be a compact manifold whose boundary ∂X is the total space of a locally
trivial fibration ϕ : ∂X → Y of closed manifolds. In contrast to the case of closed
manifolds, a great number of algebras of pseudodifferential operators can naturally
be associated to this geometric situation. To list a few of them, recall that Richard
Melrose introduced a concept of geometric micro-localization that associates to
certain classes of Lie algebras V of vector fields on X algebras of pseudodifferential
operators; the Lie algebra V is then also called a boundary fibration structure [26],
[30]. The corresponding pseudodifferential calculus Ψ∗V(X) contains the universal
enveloping algebra Diff∗V(X) of V , the V-differential operators, as a subalgebra, and
V-elliptic (pseudo)differential operators (a notion that has a natural meaning in
the context of boundary fibration structures) can be inverted within Ψ∗V(X) up to
operators of order −∞. Possible candidates for boundary fibration structures on
our manifold X are, for instance,
(1)
Ve(X) := {V ∈ C∞(X,TX) : V is

tangent to the fibers of π at ∂X} (edge-structure),
Vde(X) := %NVe(X) (double-edge structure),
V`e(X) := %`NVe(X) (`-fold-edge structure),
VΦ(X) :=

{
V ∈ Ve(X) : V %N ∈ %2

NC∞(X)
}

(fibered-cusp structure),

where %N : X → R+ is a defining function for ∂X , i.e., ∂X = {%N = 0} and d%N
does not vanish on ∂X . Note that the fibered cusp structure VΦ(X) depends slightly
on the choice of the boundary defining function. This dependence is discussed in
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more detail in [23]. Corresponding pseudodifferential calculi were constructed and
studied in [22] (edge-structure), [17], [32] (double-edge structure), and [23], [31]
(fibered-cusp structure). A pseudodifferential calculus for the `-fold edge structure
has been considered so far only for the very special case π = id : ∂X → Y and
` = 2, under the name quadratic scattering structure [46]. The reader can easily
invent more Lie algebras that might introduce boundary fibration structures, but
one should be warned that it is not at all straightforward (and sometimes even
impossible) to establish the additional properties that ensure the existence of a
pseudodifferential calculus. For more details, we refer to [26], [32] and the forth-
coming book [25].

It is worth noting that by integrating appropriate Lie algebroids as Nistor did
in [39] and using general groupoid techniques, (slightly smaller) pseudodifferential
calculi associated to many interesting boundary fibration structures can be con-
structed simultaneously. We refer to the survey [18] for many examples of this
construction.

To give an idea of how the different boundary fibration structures in (1) look
locally, we use coordinates (x, y, z) ∈ R+×Rny×Rmz in a local product decomposition
near the boundary, where x is the restriction of the boundary defining function %N ,
y is a set of variables on the base Y lifted through ϕ, and z are variables in the
fiber. Then any vector field in one of the boundary fibration structures from (1)
can be written locally as a linear combination over C∞(X) of the following basic
vector fields:

(2)

x∂x, x∂y , ∂z (edge-structure),
x2∂x, x2∂y, x∂z (double-edge structure),
x`+1∂x, x`+1∂y, x`∂z (`-fold-edge structure),
x2∂x, x∂y , ∂z (fibered-cusp structure).

In the present paper we compute the Hochschild homology and study its relation
to index problems for the fibered cusp calculus, i.e., the pseudodifferential calculus
associated to the fibered cusp structure. Starting with the work of Wodzicki [43],
[44], [45] and Brylinski and Getzler [3], [4] on Hochschild and cyclic homology of
(pseudo)differential operators and on non-commutative residues and Euler classes,
homology of pseudodifferential operators has attracted much attention, not only
because of its relation to index problems as explained for instance in [34] or [15],
[16], but also because of its connections to the non-commutative geometry of Alain
Connes [6]. Indeed, algebras of pseudodifferential operators are non-commutative
algebras naturally associated to (singular) geometric situations (boundary fibration
structures), and there are good reasons to expect that the study of invariants of
these non-commutative algebras will reveal information about the geometry and
help us to understand what a non-commutative manifold (possibly with singulari-
ties) is supposed to be [7].

The interest in the fibered cusp calculus originally introduced in [23], [31] has
grown considerably since Nye and Singer [38] used this pseudodifferential calculus
to prove an L2-index theorem for Dirac operators on S1 × R3, and Vaillant [42]
applied the fibered cusp calculus to study spectral and index theory for Dirac
operators on manifolds with generalized fibered cusps that occur for instance when
compactifying rank one locally symmetric spaces [36].

From (2), we see that the fibered cusp structure interpolates between two in-
teresting boundary fibration structures on manifolds with boundary, namely the
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scattering structure corresponding to the trivial fibration ϕ = id : ∂X → Y = ∂X ,
locally given by x2∂x and x∂y, and the cusp structure corresponding to ϕ : ∂X →
Y = {pt} locally generated by x2∂x and ∂y. For our purposes it is interesting to
note that the scattering structure is also a special case of the double-edge structure
with ϕ : ∂X → Y = {pt}. The Hochschild homology for various algebras associated
to the cusp algebra has been computed in [34], whereas the Hochschild homology
for the analogous algebras in the scattering setting can be extracted as special cases
from the homology of the double-edge calculus in [14]. We do not know any way to
combine these results to get the Hochschild homology for the fibered cusp calculus
directly; nevertheless, the results mentioned above can be used to double-check the
computations of this paper. On the other hand, when comparing the results for the
double-edge calculus with those for the fibered cusp calculus, we see that Hochschild
homology groups yield a functional-analytic way of distinguishing between the two
calculi.

The fibered cusp calculus

ΨZ,ZΦ (X) =
⋃

k,m∈Z
Ψm,k

Φ (X)

is naturally a bifiltered algebra, with the first filtration (m) given by the symbolic
order of the pseudodifferential operator whereas the second filtration (k) corre-
sponds to the (negative of the) order of vanishing at the boundary, more precisely
at the Φ-front face, a notion that is explained in Section 2.

The algebra ΨZ,ZΦ (X) has three interesting ideals, namely

Ψ−∞,ZΦ (X) :=
⋃
k∈Z

⋂
m∈Z

Ψm,k
Φ (X) ,

ΨZ,−∞Φ (X) :=
⋃
m∈Z

⋂
k∈Z

Ψm,k
Φ (X) ,

Ψ−∞,−∞Φ (X) :=
⋂
k∈Z

⋂
m∈Z

Ψm,k
Φ (X) .

The residual ideal Ψ−∞,−∞Φ corresponds to operators with Schwartz kernels in the
space of all smooth half-densities that vanish to infinite order at the boundary; it
is easily seen to have Hochschild homology only in dimension 0, where it is one-
dimensional, the isomorphism to C being given by the usual operator trace [34].
We are not going to stress this ideal any further. Following [34], let us denote the
following quotients by

ΦI∂ := Ψ−∞,ZΦ /Ψ−∞,−∞Φ ,

ΦA∂ := ΨZ,ZΦ /ΨZ,−∞Φ ,

ΦIσ := ΨZ,−∞Φ /Ψ−∞,−∞Φ ,

ΦAσ := ΨZ,ZΦ /Ψ−∞,ZΦ ,

ΦA∂,σ := ΨZ,ZΦ (X)/
(

Ψ−∞,ZΦ + ΨZ,−∞Φ

)
.
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The following diagram summarizes the situation, where the horizontal and vertical
sequences are exact:

(3) 0

��

0

��

0

��
0 // Ψ−∞,−∞Φ (X) //

��

ΨZ,−∞Φ (X) //

��

ΦIσ //

��

0

0 // Ψ−∞,ZΦ (X) //

��

ΨZ,ZΦ (X) //

��

ΦAσ //

��

0

0 // ΦI∂ //

��

ΦA∂ //

��

ΦA∂,σ //

��

0.

0 0 0

We are going to compute the Hochschild homology of the ideals ΦIσ and ΦI∂
as well as of the quotients ΦAσ, ΦA∂ , and ΦA∂,σ. Moreover, we give geometric
descriptions of the long exact sequences in Hochschild homology arising from the
six short exact sequences (three rows and three columns) in (3). Not surprisingly,
for the computation of the homology of the symbolic algebras ΦIσ, ΦAσ, and ΦA∂,σ
we use the same approach as Brylinski and Getzler in [4], and obtain, for k ∈ N0

and with N := dimX ,

HHk(ΦIσ) ∼= H2N−k
rel (ΦS∗X × S1),

HHk(ΦAσ) ∼= H2N−k
abs (ΦS∗X × S1)⊕H2N−1−k(ΦS∗X |∂X × S1),

HHk(ΦA∂,σ) ∼= H2N−k(ΦS∗X |∂X × S1 × S1),

where H∗rel (resp. H∗abs) stand for the relative (resp. absolute) de Rham cohomol-
ogy of a compact manifold with boundary. The fibered cusp cosphere bundle ΦS∗X
shows up naturally in the analysis of the fibered cusp calculus and is in fact dif-
feomorphic to the usual cosphere bundle S∗X , though not naturally. However,
even though the idea of the computation is the same as in [4], namely to use an
appropriate form of symplectic duality to identify the d1 in the spectral sequence,
convergence of the spectral sequence is an issue that is often neglected, and we
spend some time to give the complete argument. In fact, we are naturally led to
consider tri-filtered differential complexes, where the filtration indices run in Z. In
this setting convergence issues become very complicated, although it is rather sat-
isfactory that they can be affirmatively answered. We give a general criterion for
convergence which might well be applied in other situations.

More surprising is the computation of the homology of the boundary ideal ΦI∂
and the boundary algebra ΦA∂ . We use a non-canonical morphism of algebras
Θ : Ψ−∞sc,cpt(Yε) → Ψ−∞Φ (X) of the algebra of (compactly supported) scattering
pseudodifferential operators of order −∞ on the cylinder Yε := Y × [0, ε) to the
smoothing fibered cusp operators on X to reduce the computation of the Hochschild
homology of ΦI∂ to that of the smoothing boundary ideal scI∂ of the scattering
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calculus on Yε. More precisely, we have

HHk(ΦI∂) ∼= Hn+1−k(Y )⊕Hn−k(Y ) ,

where, for simplicity, we have assumed that the base Y of the fibration is orientable;
the general case is obtained in Theorem 4.6 using cohomology with coefficients in
the orientation bundle. The homology of the fibered cusp boundary algebra follows
then from a long exact sequence that we describe explicitly in geometric terms
(Proposition 6.1, Theorem 6.2).

Starting from a different approach using differentiable groupoids, Benameur and
Nistor [2] developed a very general machinery that computes, when specializing to
our setting, the E∞ term in the spectral sequence of the Hochschild homology of
the symbolic algebra ΦAσ. Finally, note that computing Hochschild homology for
algebras of pseudodifferential operators is not restricted to the algebras mentioned
above: for instance, the Hochschild homology for Boutet de Monvel’s algebra on
a compact manifold with boundary has been computed by Nest and Schrohe [37];
the second author has computed the homology for the adiabatic limit algebra [35].

The second part of the paper is devoted to residue functionals, traces and in-
dex formulas for the fibered cusp calculus. As in [14] or [34], we introduce sev-
eral linear functionals on ΨZ,ZΦ (X) that descend to traces on some of the ideals
and quotients considered above by taking appropriate coefficients in the Laurent
expansion of the meromorphic extension Z%N ,Q(A) of the double-zeta function
(λ, z) 7→ Tr(A%zNQ

−λ); here, Q ∈ Ψ1,0
Φ (X) is a fixed elliptic, symmetric, strictly

positive operator. Using these functionals, we can give a formula for the index of
Fredholm operators A in the fibered cusp calculus that extends the Atiyah-Patodi-
Singer formula for closed manifolds in the form [34] to the fibered cusp calculus:

index(A) = AS(A) − limaη(A)/2.

Here AS(A) is given in terms of Hochschild homological functionals that depend
only on the symbolic behavior of the operator A but still involve an inverse of A
up to trace class remainders, while lima η(A) is a term that depends only on the
behavior of A near the boundary. The term AS(A) can be linked to the asymptotics
of the heat kernel [13]. The notation lima η(A) is motivated by the fact that in the
special case Y = S1 and A a differential operator with a Dirac-type decomposition
near the boundary, the non-local boundary contribution to the index can be identi-
fied as the adiabatic limit of the eta invariant of the “restriction to the boundary”
of A. This result is developed in [13].

The paper is organized as follows: In Section 2 we review some basic facts about
the fibered cusp calculus; Section 3 is devoted to the construction of the morphism
Θ : Ψ−∞sc,cpt(Yε) → Ψ−∞Φ (X), which is used in Section 4 to define a generalization
of the Hochschild-Kostant-Rosenberg map in order to determine the Hochschild
homology of ΦI∂ . The computation of the Hochschild homology of the symbol
algebras ΦIσ, ΦAσ, and ΦA∂,σ can be found in Section 5. The long exact sequence
in Hochschild homology arising from the boundary sequence

0 −→ ΦI∂ −→ ΦA∂ −→ ΦA∂,σ −→ 0

is described in Section 6 in geometric terms. In Section 7 we introduce and study
various trace-like functionals on the fibered cusp calculus that generate the 0-
dimensional Hochschild homology groups. As in [16], [14], [34], these functionals
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can be used to derive an index formula for fully elliptic fibered cusp operators. The
formula is presented in Section 8.

The paper contains two appendices. In Appendix A, for the convenience of the
reader, we review the definition of Schwartz (resp. symbolic) sections of vector
bundles. Appendix B contains the definition of the Hochschild chain spaces for
topologically filtered algebras in the sense of [2], and a general criterion for the
convergence of the spectral sequence associated to a tri-filtered complex, which is
applied in the body of the paper to the Hochschild complexes of the symbol and
boundary Φ-algebras.

As usual, we write S[m](V ) for the space of all smooth functions V \ {0} → C of
a vector bundle V that are positively homogeneous of degree m ∈ C.

Acknowledgments
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results in [34], which greatly influenced this paper, and to an anonymous referee for
a careful reading of the manuscript. The first named author would like to thank
Michael Singer and Boris Vaillant for some private lessons on the Φ-calculus.

2. Review of the fibered cusp calculus

In this section we review basic properties of the fibered cusp calculus. For details
and most of the proofs we refer to [23], [31], and [42].

The fibered cusp structure space. Throughout this paper, X = XN stands for a
smooth, compact manifold with boundary ∂X that is the total space of a locally
trivial fibration ϕ : ∂X → Y = Y n of closed manifolds. For simplicity, let us
assume that ∂X is connected; so the fibers of ϕ are all diffeomorphic, say to a
closed manifold F = Fm. For the dimension N of X we thus have N = n+m+ 1.
Furthermore, we fix a boundary defining function %N : X → R+ for ∂X , i.e., %N is
a smooth function such that ∂X = {%N = 0} and d%N 6= 0 at ∂X .

Let Ve(X) be the Lie algebra of all edge vector fields, i.e., all smooth vector fields
on X that are tangent to the fibers of ϕ at the boundary [22]. Then the vector
fields in

VΦ(X) :=
{
V ∈ Ve(X) : V %N ∈ %2

NC∞(X)
}

are called fibered cusp or simply Φ-vector fields. Note that the definition of the Lie
algebra VΦ(X) depends slightly on the choice of the boundary defining function %N
[23]. To give a local description of Φ-vector fields near the boundary, let

(4) (x, y, z) : X ⊇ U −→ R+ × Rny × Rmz
be coordinates of a local product decomposition near the boundary, i.e., x = %N |U ,
y are variables on the base Y lifted through ϕ, and with z corresponding to coor-
dinates on the fiber F . Then V ∈ VΦ(X) is of the form

V (x, y, z) = a(x, y, z)x2∂x +
n∑
j=1

bj(x, y, z)x∂yj +
m∑
k=1

ck(x, y, z)∂zk , (x, y, z) ∈ U

with coefficients a, bj , ck smooth up to x = 0. Thus, by the Serre-Swan theorem
there exists a smooth vector bundle ΦTX → X together with a map ιΦ : ΦTX →
TX of vector bundles over X such that

ιΦ(C∞(X,ΦTX)) = VΦ(X) .
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We call ΦTX the Φ-tangent bundle, and its dual ΦT ∗X the Φ-cotangent bundle.
Note that the compactness of X is not necessary for the existence of the Φ-tangent
bundle ΦTX . In the special case when the fibration ϕ = id : ∂X = Y → Y is
trivial, Φ-vector fields are also known as scattering vector fields [28]; accordingly,
in that case the Φ-tangent bundle is called the scattering tangent bundle, and we
write ΦTX = scTX . By the very definition, the restriction of the canonical map
ιΦ : ΦTX → TX and its dual ι∗Φ : T ∗X → ΦT ∗X to the interior X0 := X \ ∂X are
isomorphisms. Thus, the canonical symplectic form ω on T ∗X |X0 can be pushed
forward to a singular closed 2-form ωΦ on ΦT ∗X |X0 giving ΦT ∗X |X0 the structure
of a symplectic manifold. With respect to local coordinates (x, y, z) as in (4), and
the associated local coordinates (x, y, z, ξ, η, ζ) on ΦT ∗X |U , ωΦ is given by

ωΦ =
dx

x2
∧ dξ +

dy

x
∧ dη + dz ∧ dζ + xη

dx

x2
∧ dy
x

;

so ωΦ ∈ C∞(ΦT ∗X,Λ2(ΦT ∗(ΦT ∗X))). The associated Φ-Poisson bracket {f, g}Φ is
locally given by

{f, g}Φ = x2∂xf∂ξg − x2∂xg∂ξf + x∂yf∂ηg − x∂yg∂ηf(5)
+∂zf∂ζg − ∂zg∂ζf + x (η∂ηf∂ξg − η∂ηg∂ξf) .

Let us denote the kernel of the map ιΦ|∂X : ΦTX |∂X → TX |∂X by ΦN∂X . Note
that ΦN∂X is locally generated by the vector fields x2∂x and x∂y; hence, ΦN∂X
is a vector bundle over ∂X . Let V ∂X → ∂X be the vertical tangent bundle, i.e.,
the kernel of the differential Tϕ : T∂X → TY . Then we have the following short
exact sequence of vector bundles over ∂X :

(6) 0 −→ ΦN∂X −→ ΦTX −→ V ∂X −→ 0 .

In fact, the bundle ΦN∂X is the pull-back ϕ∗(ΦNY ) of a vector bundle ΦNY over
Y . Since this bundle plays an important role in our computations, let us recall
one way of constructing it. For small ε > 0, let Yε := Y × [0, ε), and let scTYε
be the corresponding scattering tangent bundle. Then ΦNY := scTYε|Y×{0} has
the desired properties. Indeed, with respect to the local coordinates (4), the map
ϑ : ΦN∂X → ΦNY with ϑ(x2∂x|(0,y,z)) = x2∂x|(y,0) and ϑ(x∂y|(0,y,z)) = x∂y |(y,0)

is well-defined, does not depend on the choice of local coordinates, and makes the
following pull-back diagram commutative.

ΦN∂X
ϑ //

��

ΦNY

��
∂X

ϕ // Y

The fibered cusp double space. For the definition of the fibered cusp calculus we
need a compact manifold with corners that is obtained by blowing up a sequence of
p-submanifolds of the product X2. For the concept of blowing up p-submanifolds
we refer for instance to [10], [28] and the forthcoming book [25].

Let β2
b : X2

b := [X2; (∂X)2] → X2 be the b-blow-up [27]. By [27, Lemma 4.1]
the b-front face ffb, i.e., the new boundary face of X2

b obtained by the b-blow-up,
is canonically diffeomorphic to the product [−1, 1]× ∂X × ∂X . Note that we have
fixed a boundary defining function %N to define the fibered cusp structure. Then

BΦ := {(0, q, q′) ∈ ffb = [−1, 1]× ∂X × ∂X : ϕ(q) = ϕ(q′)}
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is a p-submanifold of X2
b , and

β2
Φ : X2

Φ := [X2
b ;BΦ]

β−→ X2
b

β2
b−→ X2

is called the fibered cusp or briefly the Φ-double space. It is a compact manifold
with corners up to codimension two. Let ∆ ⊆ X2 be the diagonal. Then the

submanifold ∆Φ := (β2
Φ)−1(∆ \ (∂X)2)

X2
Φ is said to be the lifted diagonal, and

the boundary face ffΦ of X2
Φ that meets the diagonal is called the fibered cusp or

simply Φ-front face. The Φ-front face is of great importance for understanding the
properties of the fibered cusp calculus near the boundary. As explained in [23],
[42], ffΦ is canonically diffeomorphic to

(7) ffΦ
∼= ∂X ×Y ΦN∂X = ∂X ×Y ∂X ×Y ΦNY ,

where ΦN∂X (resp. ΦNY ) is the radial compactification of ΦN∂X (resp. ΦNY )
as explained in Appendix A. Consequently, the interior ffintΦ of ffΦ is canonically
diffeomorphic to ∂X ×Y ΦN∂X = ∂X ×Y ∂X ×Y ΦNY . If necessary, we use local
coordinates

(8) r = x+ x′, S =
x− x′

(x+ x′)2
, U =

y − y′
x+ x′

, y′, z, z′

near ffintΦ = {r = 0}. The lifted diagonal is then given by ∆Φ = {S = 0, U = 0, z =
z′}. With respect to the decomposition (7) of the Φ-front face ffΦ, the variables
S ∈ RS and U ∈ RnU then correspond to the linear variables in the fibers of ΦNY .

The Φ-density bundle. Finally, for a density bundle that is adapted to the fibered
cusp calculus, apply the smooth functor Ωα of α-densities to the Φ-cotangent bundle
ΦT ∗X to obtain the bundle ΦΩα(X) of Φ-α-densities. The choice of local product
coordinates as in (4) trivializes ΦΩα(X)|U . A non-vanishing section is given by∣∣ dx
xn+2dy dz

∣∣α.
On the Φ-double space X2

Φ, we use the Φ-kernel-half density bundle KD1/2
Φ :=

%
−(2+n)/2
ffΦ

Ω1/2(X2
Φ). It is completely characterized by the space of its C∞-sections

[27, Lemma 8.6], namely

C∞(X2
Φ,KD

1/2
Φ ) = %

−(2+n)/2
ffΦ

C∞(X2
Φ,Ω

1/2(X2
Φ)) .

Here, as usual, %ffΦ : X2
Φ → R+ stands for a defining function of the Φ-front face

ffΦ.

The fibered cusp calculus. The fibered cusp calculus is defined by characterizing
the singularities of the Schwartz kernel associated to a bounded linear operator
A : Ċ∞(X,ΦΩ1/2) → C−∞(X,ΦΩ1/2). A convenient description of the Schwartz
kernel kA ∈ C−∞(X2,ΦΩ1/2 � ΦΩ1/2) is possible when replacing the double X2

with the Φ-double space X2
Φ. Recall that the blow-down map β2

Φ : X2
Φ → X2

induces via pull-back and duality an isomorphism

(β2
Φ)∗ : C−∞(X2

Φ,KD
1/2
Φ )→ C−∞(X2,ΦΩ1/2 � ΦΩ1/2).

We call the image κA of kA under this isomorphism the lifted Schwartz kernel of A.

Definition 2.1. The space Ψm
Φ (X) of fibered cusp or briefly Φ-operators of order

m ∈ C consists of all continuous linear operators

A : Ċ∞(X,ΦΩ1/2)→ C−∞(X,ΦΩ1/2)
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whose lifted Schwartz kernel κA belongs to the space Imcl (X2
Φ,∆Φ;KD1/2

Φ ) of clas-
sically conormal distributions that vanish to infinite order at all boundary faces of
X2

Φ other than the front face ffΦ, and are extendible across ffΦ.

A fibered cusp operator A ∈ Ψm
Φ (X) maps Ċ∞(X,ΦΩ1/2) continuously into

Ċ∞(X,ΦΩ1/2); thus, composition of operators as well as conjugation with arbi-
trary complex powers of the boundary defining function %N are well-defined. Since
we get the lifted Schwartz kernel of %zNA%

−z
N by multiplying the lifted Schwartz

kernel of A ∈ Ψm
Φ (X) by a smooth function on the interior of X2

Φ that extends
smoothly to the front face, is identical to 1 at ∆Φ and polynomially bounded near
all boundary faces other than the front face, we have %zNΨm

Φ (X)%−zN = Ψm
Φ (X), and

we can define for k ∈ C
Ψm,k

Φ (X) := %−kN Ψm
Φ (X) = Ψm

Φ (X)%−kN .

Composition of operators leads to a bilinear map

Ψm,k
Φ (X)× Ψm′,k′

Φ (X)→ Ψm+m′,k+k′

Φ (X)

that defines on ΨZ,ZΦ (X) :=
⋃
m∈Z

⋃
k∈ZΨm,k

Φ (X) the bi-filtered algebra structure
already considered in the introduction; in the sequel we use the notation introduced
therein. We emphasize the negative sign in the definition of the second filtration,
whose purpose is to make both filtrations increasing.

The filtration by the order of vanishing at the boundary on the algebra ΨZ,ZΦ (X)
induces in particular filtrations on ΦI∂ and ΦA∂ , namely

ΦIk∂ := Ψ−∞,kΦ (X)/Ψ−∞,−∞Φ (X),
ΦAm,k∂ := Ψm,k

Φ (X)/Ψm,−∞
Φ (X)

with quotients

ΦI [m]
∂ := ΦIm∂ /ΦIm−1

∂ = Ψ−∞,mΦ (X)/Ψ−∞,m−1
Φ (X),

ΦAm,[k]
∂ := ΦAm,k∂ /ΦAm,k−1

∂ = Ψm,k
Φ (X)/Ψm,k−1

Φ (X) .

As above, we let ΦI [Z]
∂ :=

⊕
m∈Z

ΦI [m]
∂ , and so on. Similarly, the filtration of

ΨZ,ZΦ (X) by the operator order induces filtrations of ΦIσ and ΦAσ, and we use the
corresponding notation without any further comments. The usual symbol map for
conormal distributions together with the fact that the density bundle of ΦT ∗X is
canonically trivialized by the symplectic form leads to the principal symbol map
for the fibered cusp calculus,

0 −→ Ψm−1,k
Φ (X) −→ Ψm,k

Φ (X)
Φσ(m,k)

−→ S[m](ΦT ∗X) −→ 0,

which is multiplicative in the obvious sense. Let ΦT
∗
X be the radial compactifica-

tion of the Φ-cotangent bundle ΦT ∗X in the sense of Appendix A. Then the choice
of a defining function

%σ : ΦT
∗
X → R+

for the Φ-cosphere bundle
ΦS∗X := (ΦT ∗X \ {0})/R+ ⊆ ΦT

∗
X

yields an identification of the space S[m](ΦT ∗X) with the space C∞(ΦS∗X).
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The normal homomorphism. In addition to the symbolic behavior at the lifted di-
agonal, the behavior of the lifted Schwartz kernel κA of an operator A ∈ Ψm

Φ (X)
at the Φ-front face determines for instance the Fredholm properties of a fibered
cusp operator. So, let us consider NΦ(A) := κA|ffΦ directly. As shown in [23], the
distributional density NΦ(A) can be understood as a family NΦ(A)(y), y ∈ Y , of
pseudodifferential operators of order m on the space ϕ−1(y)×ΦNyY that are trans-
lation invariant with respect to the linear variables in ΦNyY , and depend smoothly
on y ∈ Y . The space of all these operators is denoted by Ψm

sus(ΦNY )−ϕ(∂X). For a
precise definition we refer to [23]. The family NΦ(A) is called the normal operator
of A, and NΦ induces a family of short exact sequences

(9) 0 −→ %NΨm
Φ (X) −→ Ψm

Φ (X) NΦ−→ Ψm
sus(ΦNY )−ϕ(∂X) −→ 0 ,

which are multiplicative in the obvious way. The normal operator extends to A ∈
Ψm,k

Φ (X) by defining N (k)
Φ (A) := NΦ(%kNA) = NΦ(A%kN ) ∈ Ψm

sus(ΦNY )−ϕ(∂X).
Fourier transform along the fibers of ΦNY , i.e., with respect to the variables

S and U in (8), transforms a family P = p(y, z,Dz, DS, DU ) ∈ Ψm
sus(ΦNY )−ϕ(∂X)

into a family P̃ = p̃(y, z,Dz, ξ, η) of pseudodifferential operators on ϕ−1(y) that
depend smoothly on y ∈ Y and symbolically of order m on the dual variables
(ξ, η) ∈ ΦN∗yY to (S,U) ∈ ΦNyY [31]. Let us write Ψ̃m

sus(ΦN∗Y )−ϕ(∂X) for the

corresponding space of operators, and Ñ (k)
Φ : Ψm,k

Φ (X) → Ψ̃m
sus(ΦN∗Y )−ϕ(∂X) for

the corresponding normal operator. For the sake of completeness, let us give a
description of families in Ψ̃M

sus(ΦN∗Y )−ϕ(∂X) using local data. By a partition of

unity in Y we can assume that the family P̃ ∈ Ψ̃M
sus(ΦN∗Y )−ϕ(∂X) is compactly

supported in an open set V such that ϕ−1(V ) = V × F . Then we have, up to a
density factor in the y-variable,

(10) P̃ ∈ C∞c
(
V,ΨM (F ;Rξ × Rnη )

)
,

where ΨM (F ;Rξ × Rnη ) denotes the space of parameter-dependent or suspended
pseudodifferential operators of order M on F in the sense of [40] – see for instance
also [9], [19], [21] or [29] for the one-dimensional case. For M = −∞, (10) is equiv-
alent to P̃ ∈ C∞c (V )⊗̂πS(Rξ × Rnη )⊗̂πΨ−∞(F ). For arbitrary M ∈ C a partition
of unity in F identifies P̃ (up to operators of order −∞) with a finite sum of fam-
ilies of the form p̃(y, z,Dz, ξ, η) for some compactly supported classical symbols
p̃ ∈ C∞c (V, SMcl (Rmz ;Rmζ × Rξ × Rnη )).

In the sequel we use these equivalent pictures of the normal operator simultane-
ously.

Fiberwise trace for smoothing suspended operators. There exists a canonical trace
on Ψ̃−∞sus(ΦN∗Y )−ϕ(∂X), which we review here. An extension of this trace to families

in Ψ̃m
sus(ΦN∗Y )−ϕ(∂X) for arbitrary finite m ∈ Z is constructed in Section 7. As

explained above, elements of Ψ̃−∞sus(ΦN∗Y )−ϕ(∂X) are simply smooth sections of the
half-density bundle Ω1/2(∂X ×Y ∂X×Y ΦN∗Y ) that vanish to infinite order at the
boundary. Thus, inverse Fourier transform along the fibers of ΦN∗Y transforms an
element h̃ ∈ Ψ̃−∞sus(ΦN∗Y )−ϕ(∂X) into a smooth section h of

Ω1/2(∂X ×Y ∂X ×Y ΦNY ) = Ω1/2(ffΦ)
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that vanishes to infinite order at the boundary, i.e., we have h ∈ Ψ−∞
sus(ΦNY )−ϕ(∂X).

Here we have used the identification ffΦ
∼= ∂X ×Y ∂X ×Y ΦNY by (7). Recall that

the blow-down map β2
Φ : X2

Φ → X2 together with the projection X2 → X onto
either the left or the right factor identifies ∆Φ ∩ ffΦ with ∂X . On the other hand,
∆Φ ∩ ffΦ corresponds under the diffeomorphism (7) to

DΦ := {(q, q, v) ∈ ∂X ×Y ∂X ×Y ΦNY : ϕ(q) = y and v = 0 ∈ ΦNyY },
and we have canonical isomorphisms

Ω1/2(∂X ×Y ∂X ×Y ΦNY )|DΦ

∼= ϕ∗Ω1/2(Y )⊗ Ω1/2
fiber(∂X)⊗ Ω1/2

fiber(∂X)⊗ ϕ∗Ω1/2
fiber(

ΦNY )|Y
∼= ϕ∗Ω1/2(Y )⊗ Ω1

fiber(∂X)⊗ ϕ∗Ω1/2(Y )
∼= Ω1(∂X) ,

(11)

where (11) follows from the fact that the normal direction to the boundary in
ΦNY = scTYε|Y×{0} leads to a canonical trivial factor in the fiber half-density
bundle Ω1/2

fiber(
ΦNY )|Y . Thus, we can integrate h|∂X over ∂X = ∆Φ ∩ ffΦ and

obtain a map

Tr : Ψ̃−∞sus(ΦN∗Y )−ϕ(∂X) −→ C : h̃ 7−→
∫
∂X

h|∂X

satisfying
Tr(h̃1h̃2) = Tr(h̃2h̃1)

for h̃1 ∈ Ψ̃−∞sus(ΦN∗Y )−ϕ(∂X) and h̃2 ∈ Ψ̃m
sus(ΦN∗Y )−ϕ(∂X). Indeed, by a partition of

unity in Y we can assume that the family h̃ ∈ Ψ̃−∞sus(ΦN∗Y )−ϕ(∂X) of pseudodiffer-
ential operators is compactly supported in an open set V ⊆ Y such that ϕ−1(V ) ∼=
V × F . Then we have, up to the density factors, h̃|V ∈ C∞c (V,Ψ−∞(F ;Rξ × Rnη ))

and Tr(h̃) =
∫
V

∫
Rξ

∫
Rnη

Tr
(
h̃(y)(ξ, η)

)
dη dξ dy, where Tr stands for the usual op-

erator trace on operators on the fiber F . In particular, we see that Tr vanishes on
commutators because Tr has this property. Moreover, by gluing the local pieces
together we obtain the following form of Tr:

(12) Tr : Ψ̃−∞sus(ΦN∗Y )−ϕ(∂X) −→ C : h̃ 7−→
∫
Y

Tr(y)

(
h̃|ϕ−1(y)

)
,

where Tr(y) : Ψ−∞sus (ϕ−1(y); ΦN∗yY ) 3 h̃ 7→
∫

ΦN∗yY
Tr(h(ξ, η)) is the canonical trace

on the space of suspended operators on the fiber ϕ−1(y). For the one-suspended
case the canonical trace Tr was first considered in [29].

Moreover, by (12) or directly from the definition of Tr we see that Tr extends to
Ψ̃M

sus(ΦN∗Y )−ϕ(∂X) as long as M < −N = − dimX .

Commuting fibered cusp operators with log %N . Since A ∈ Ψm,k
Φ (X) as well as log %N

act as bounded operators on Ċ∞(X,ΦΩ1/2), we can consider their commutator
[A, log %N ] : Ċ∞(X,ΦΩ1/2)→ Ċ∞(X,ΦΩ1/2).

Lemma 2.2. The commutator with log %N yields a map

[·, log %N ] : Ψm,k
Φ (X) −→ Ψm−1,k−1

Φ (X) .
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Proof. Multiplication with log %N is a local operator; hence we can restrict our-
selves to operators A with lifted Schwartz kernel κA supported in a coordinate
patch of X2

Φ. Let us first assume that this patch is close to the intersection of
the lifted diagonal ∆Φ with the fibered-cusp front face ffΦ.We use local coordinates
(r, S, U, y′z, z′) as in (8). A straightforward computation shows that the lifted ker-
nel κB of B := [A, log %N ] is given by κB = − log

(
1+rS
1−rS

)
κA . Since log

(
1+rS
1−rS

)
vanishes to first order at ∆Φ = {S = 0, U = 0, z = z′} and ffΦ = {r = 0} and is
polynomially bounded for |S| → ∞, we obtain B ∈ Ψm−1,k−1

Φ (X). The remaining
cases are similar, only simpler. �

The scattering calculus. As a rule, whenever the fibration ϕ : ∂X → Y is the
identity map, i.e., whenever the fiber of ϕ is a point, we replace the identifier Φ
with sc and talk about scattering instead of fibered cusp.

3. Scattering and Φ-operators of order −∞
We are going to show that for small ε > 0 there exists a non-natural injective

algebra homomorphism from smoothing scattering operators on Yε to the algebra
of smoothing fibered cusp-operators. This morphism Θ will be used in Section 4 to
compute the Hochschild homology of the smoothing boundary ideal ΦI∂ .

The choice of a normal fibration near the boundary ∂X together with the
boundary defining function %N yields an open neighborhood Uε of the boundary
and a diffeomorphism Uε → ∂X × [0, ε) for some ε > 0 such that %N |Uε corre-
sponds to the projection ∂X × [0, ε) → [0, ε) onto the second factor. Moreover,
(Uε)2

Φ := (β2
Φ)−1(Uε×Uε) ⊆ X2

Φ is an open neighborhood of the front face ffΦ, and
for k ∈ C we can define

Ψ−∞,kΦ,cpt (Uε) := %−kffΦ

{
κ ∈ C∞c ((Uε)2

Φ,KD
1/2
Φ ((Uε)2

Φ)) : κ ≡ 0 at ∂(Uε)2
Φ \ ffΦ

}
,

where %ffΦ : (Uε)2
Φ → R+ is a defining function for the Φ-front face. Because of

the compact support condition, Ψ−∞Φ,cpt(Uε) is closed under composition, and the
canonical inclusion Ψ−∞Φ,cpt(Uε) ↪→ Ψ−∞Φ (X) is a morphism of algebras.

Let Yε := Y ×[0, ε). Then Uε ∼= ∂X×[0, ε)
ϕ×id→ Yε is a locally trivial fiber bundle

with fiber type F . As above, for k ∈ C, let us define the compactly supported,
smoothing scattering operators on Yε by

Ψ−∞,ksc,cpt(Yε) := %−kffsc

{
κ ∈ C∞c ((Yε)2

sc,KD
1/2
sc ((Yε)2

sc)) : κ ≡ 0 at ∂(Yε)2
sc \ ffsc

}
,

where (Yε)2
sc is the scattering double space, ffsc the scattering front face of (Yε)2

sc,
and %ffsc : (Yε)2

sc → R+ a defining function for ffsc. By the very definition, the
fibration Uε → Yε induces a fibration ϕ2

Φ : (Uε)2
Φ → (Yε)2

sc with fiber type F × F .
Choose a fiber half-density ν ∈ C∞(∂X,Ω1/2

fiber) such that
∫
ϕ−1(y) ν

2|ϕ−1(y) = 1
for all y ∈ Y , and let

ν(2) := ν � ν ∈ C∞(∂X × ∂X,Ω1/2
fiber(∂X)� Ω1/2

fiber(∂X))

= C∞(∂X × ∂X,Ω1/2
fiber(∂X × ∂X)).



HOMOLOGY OF FIBERED CUSP OPERATORS 3021

We define

Θε : Ψ−∞,ksc,cpt(Yε) −→ Ψ−∞,kΦ,cpt (Uε) : κ 7−→ (ϕ2
Φ)∗(κ)⊗ ν(2) ,(13)

Θ : Ψ−∞,ksc,cpt(Yε)
Θε−→ Ψ−∞,kΦ,cpt (Uε) ↪→ Ψ−∞,kΦ (X) .(14)

Before showing that the map Θε is multiplicative, recall that the lifted Schwartz
kernel κAB of the composition of two fibered cusp operators A and B can be
computed using a triple version X3

Φ of the Φ-double space X2
Φ. This space is a

compact manifold with corners that comes equipped with three b-fibrations

πΦ
O : X3

Φ → X2
Φ, O ∈ {C,F, S},

where we have used the following projections:

πC : X3 −→ X2 : (q1, q2, q3) 7−→ (q1, q3) ,
πF : X3 −→ X2 : (q1, q2, q3) 7−→ (q2, q3) ,
πS : X3 −→ X2 : (q1, q2, q3) 7−→ (q1, q2) .

Using pull-back and push-forward under these b-fibrations, we obtain, up to a
density factor,

(15) κAB = (πΦ
C)∗

(
(πΦ
S )∗(κA) · (πΦ

F )∗(κB)
)
.

The Φ-triple space X3
Φ has been constructed in [23], [42] in detail. Similarly, we

can deal with the composition in the scattering calculus using the scattering triple
space – for the triple space construction we refer to [28].

Let (Uε)3
Φ (resp. (Yε)3

sc) be the fibered cusp (resp. scattering) triple space of Uε
(resp. Yε), and denote by πΦ

O : (Uε)3
Φ → (Uε)2

Φ (resp. πscO : (Yε)3
sc → (Yε)2

sc) the
corresponding b-fibrations. Moreover, the fibration Uε → Yε induces a fibration
ϕ3

Φ : (Uε)3
Φ → (Yε)3

sc with fiber type F 3, and the following diagram is commutative:

(16) (Uε)3
Φ

πΦ
F

{{wwwwwwwww

ϕ3
Φ

��

πΦ
S ##HHHHHHHHH

πΦ
C

**VVVVVVVVVVVVVVVVVVVVVVV

(Uε)2
Φ

ϕ2
Φ

��

(Uε)2
Φ

ϕ2
Φ

��

(Uε)2
Φ

ϕ2
Φ

��

(Yε)3
sc

πscF{{vvvvvvvvv

πscS ##HHHHHHHHH
πscC

**VVVVVVVVVVVVVVVVVVVVVVV

(Yε)2
sc (Yε)2

sc (Yε)2
sc

Most important for us is the fact that the family of linear maps

Θε = Θ(k)
ε : Ψ−∞,ksc,cpt(Yε)→ Ψ−∞,kΦ,cpt (Uε), k ∈ C,

is compatible with the composition of operators.

Theorem 3.1. Let A ∈ Ψ−∞,ksc,cpt(Yε) and B ∈ Ψ−∞,`sc,cpt(Yε) be arbitrary. Then we
have

Θ(k+`)
ε (AB) = Θ(k)

ε (A)Θ(`)
ε (B) ∈ Ψ−∞,k+`

Φ,cpt (Uε) .
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Proof. It suffices to show that Θε is multiplicative. We use the triple space con-
struction and (15) for the kernel of the composition of two operators. Using the
commutativity of (16), we obtain

Θε(A)Θε(B) =
[
(ϕ2

Φ)∗κA ⊗ ν(2)
]
◦
[
(ϕ2

Φ)∗κB ⊗ ν(2)
]

= (πΦ
C)∗

([
(πΦ
S )∗

(
(ϕ2

Φ)∗κA ⊗ ν(2)
)]
·
[
(πΦ
F )∗

(
(ϕ2

Φ)∗κB ⊗ ν(2)
)])

= (πΦ
C)∗

([(
(ϕ3

Φ)∗(πscS )∗κA
)
⊗ ν(2)

S

]
·
[(

(ϕ3
Φ)∗(πscF )∗κB

)
⊗ ν(2)

F

])
= (ϕ2

Φ)∗ [(πscC )∗ ((πscS )∗κA · (πscF )∗κB)]⊗ ν(2)

= (ϕ2
Φ)∗(κAB)⊗ ν(2)

= Θε(AB) .

�

Recall the definitions
scI∂ = Ψ−∞,Zsc,cpt (Yε)/Ψ

−∞,−∞
sc,cpt (Yε),

ΦI∂ = Ψ−∞,ZΦ (X)/Ψ−∞,−∞Φ (X).

Note that the algebra scI∂ does not depend on the particular choice of ε > 0. By
(14), the family of linear maps Θ = Θ(k) : Ψ−∞,ksc,cpt(Yε) → Ψ−∞,kΦ (X) then induces
the desired linear map Θ : scI∂ → ΦI∂ .

Corollary 3.2. The map Θ : scI∂ → ΦI∂ is a (non-natural) morphism of algebras.

4. The generalized Hochschild-Kostant-Rosenberg map

and the homology of the smoothing boundary ideal

We refer to Appendix B for a review of topological Hochschild homology and for
a summary of the notation that we are going to use in the sequel.

The algebra map Θ constructed in Section 3 induces a map of complexes with
the same name between the Hochschild complexes

Θ : C∗(scI∂) −→ C∗(ΦI∂)

compatible with the boundary filtration. We will use this map to compare the two
spectral sequences constructed with respect to this filtration. In fact, we get an
isomorphism at ∂E0; together with the convergence of the two spectral sequences,
this implies that Θ induces an isomorphism on Hochschild homology.

The graded algebra scI [Z]
∂ is naturally isomorphic to the commutative algebra

of Laurent polynomials in x with coefficients Schwartz functions on ΦN∗Y . Thus,
the Hochschild-Kostant-Rosenberg map HKR induces an isomorphism from the
Hochschild homology of scI [Z]

∂ to the space of forms (17). At the same time, Θ
induces a map between the Hochschild complexes of scI [Z]

∂ and ΦI [Z]
∂ :

(17) Ck(scI [Z]
∂ )

HKR //

Θ

��

⊕
∗

Λ∗S(ΦN∗Y )⊗ Λk−∗(C[x, x−1])

Ck(ΦI [Z]
∂ )

K
55
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Our plan is to construct a map K : Ck(ΦI [Z]
∂ )→

⊕
∗ Λ∗S(ΦN∗Y )⊗ Λk−∗(C[x, x−1])

making the diagram (17) commutative and inducing an injection of HH∗(ΦI [Z]
∂ ) into⊕

∗ Λ∗S(ΦN∗Y ) ⊗ Λk−∗(C[x, x−1]). The existence of K with the above properties
will show that Θ becomes an isomorphism on HH(ΦI [Z]

∂ ). In this section we will
only use K on chains in Ck(ΦI [Z]

∂ ), but in Section 6 it will be crucial to apply K on
certain chains in the full graded boundary algebra ΦA[Z]

∂ ; so we give here the general
construction.

In order to define K we must first construct a covariant derivative on ΦAZ,[Z]
∂ . Let

us explain this notion. Consider the sheaf of rings Pol(ΦN∗Y × R) of polynomial
functions on ΦN∗Y ×R. The algebra ΦAZ,[Z]

∂ is a sheaf of Pol(ΦN∗Y ×R)-algebras
over ΦN∗Y × R, where the R factor corresponds to the variable x. Consider the
sheaf VPol(ΦN∗Y × R) of vector fields with polynomial coefficients on ΦN∗Y × R.
A covariant derivative on ΦAZ,[Z]

∂ is then defined as a map of sheaves

VPol(ΦN∗Y × R)⊗ ΦAZ,[Z]
∂ −→ ΦAZ,[Z]

∂

that is Pol(ΦN∗Y ×R)-linear in the first argument and a derivation in the second.
More precisely,

∇V (AB) = (∇V A)B +A∇VB,(18)
∇fV A = f∇VA.(19)

Fix a connection ∇ in the bundle Ω1/2
fiber of fiberwise half-densities on ∂X and

a connection in the fibration ϕ : ∂X → Y , that is, a rule for lifting vectors from
Y to ∂X . Pull back these connections through the maps ∂X ×Y ΦN∗Y → ∂X
and ΦN∗Y → Y , respectively. They induce a connection in the fibration ∂X ×Y
ΦN∗Y → ΦN∗Y and a covariant derivative on the pull-back of Ω1/2

fiber to ∂X ×Y
ΦN∗Y . For a vector V tangent to ΦN∗Y , we denote by ∇V the covariant derivative
in the direction of the horizontal lift of V .

Lemma 4.1. The covariant derivative ∇ maps the space

Pol(ΦN∗Y )⊗ S(∂X ×Y ΦN∗Y,Ω1/2
fiber)

into the space
S(∂X ×Y ΦN∗Y,Ω1/2

fiber).

Proof. Clear in local coordinates in Y . �

The elements of the algebra ΦAZ,[0]
∂ are fiberwise half-densities on ffintΦ . There are

two ways of seeing ffintΦ
∼= ∂X×Y ∂X×Y ×ΦN∗Y as a fibration over ∂X×Y ΦN∗Y ,

corresponding to the two projections onto the left factor (πL) (resp. the right factor
(πR)). Thus, if A ∈ ΦAZ,[0]

∂ and s ∈ S(∂X ×Y ΦN∗Y,Ω1/2
fiber), let

As := (πL)∗ (Aπ∗Rs) ∈ S(∂X ×Y ΦN∗Y,Ω1/2
fiber).

This defines a faithful action of ΦAZ,[0]
∂ on S(∂X ×Y ΦN∗Y,Ω1/2

fiber); hence, for V ∈
PolΦN∗Y , we can define the action of ∇V on ΦAZ,[0]

∂ by duality:

∇V (A)(s) := ∇V (A(s)) −A(∇V (s)) ∈ S(∂X ×Y ΦN∗Y,Ω1/2
fiber).

Finally, combining with the canonical action of ∂/∂x onC[x, x−1], we get a covariant
derivative on ΦAZ,[0]

∂ ⊗C[x, x−1] = ΦAZ,[Z]
∂ , as claimed. Properties (18) and (19) are
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easy to check. The covariant derivative preserves the ideal ΦIZ,[Z]
∂ . In the scattering

case, the definition of ∇V is independent of choices; so we write it simply as V .
There exists a formula relating the algebra map Θ from Section 3 with ∇.

Proposition 4.2. Let A0, B0 ∈ scI [0]
∂ ⊗ C[x, x−1] = scI [Z]

∂ . Then

(20) ∇V (Θ(A0))Θ(B0) = Θ(V (A0)B0).

Proof. A little care should be exercised, because the “naive” statement ∇V Θ(A) =
Θ(V (A)) does not hold. Essentially, the fiberwise density ν2 used to define Θ is
not parallel, while its volume (which was chosen to be 1) is. We can clearly reduce
ourselves to proving the statement for A0, B0 ∈ scI [0]

∂ . Note that scI [0]
∂ acts faithfully

on S(ΦN∗Y ) (by specializing from Φ to scattering the action described above). On
the graded ideals, the map Θ can be described in terms of these actions by

Θ(A0)(s) = π∗(A0(π∗(s⊗ ν))) ⊗ ν,
where π is the projection ∂X×Y ΦN∗Y → ΦN∗Y . Now π∗(π∗(s0)⊗ν2) = s0 for all
s0 ∈ S(ΦN∗Y ), because ν2 has volume 1. Using this, the fact that π∗(∇V (ν2)) =
V (π∗(ν2)) = V (1) = 0, and the identity ∇V (π∗s0) = π∗(V (s0), valid for any
connection, the rest of the proof is straightforward. �

We can now define the map K. This is done as in [35] along the lines of a map
constructed in [33]. Let A = A0 ⊗ . . . ⊗ Ak be a k-Hochschild chain in Ck(ΦI [Z]

∂ ).
For V1, . . . , Vk polynomial vector fields (or derivations in C[x, x−1]), define

K(A)(V1, . . . , Vk) :=
∑
σ∈Σk

(−1)|σ|Tr
(
A0∇Vσ(1)A1 . . .∇Vσ(k)Ak

)
.

Here Tr denotes the fiberwise trace of smoothing suspended operators as explained
in Section 2.

Remark 4.3. It is clear from the definition that K is still well-defined for tensor
products A = A0 ⊗ . . .⊗Ak with Aj ∈ Ψmj,[Z]

Φ (X) such that mj ∈ C and

<(m0 + . . .+mk) < −m = dim(F ),

because the fiberwise trace still makes sense. In that case K(A) is a form with
symbol coefficients of order <(m0 + . . .+mk) +m.

We will use this fact later on.

Proposition 4.4. (1) K ◦ b = 0.
(2) K ◦Θ = HKR.
(3) K is injective on HH(ΦI [Z]

∂ ).

Proof. The first two claims are straightforward, using Proposition 4.2. For the
third, we use the strategy of [35, Proposition 5.4.9] to show that every cycle is
homologous to a cycle that belongs to the image of Θ. Then the first two assertions
together with the Hochschild-Kostant-Rosenberg theorem yield the result. �

The first two statements of Proposition 4.4 show that (17) commutes. From (17)
it follows that Θ is injective on HH(scI [Z]

∂ ), because HKR is an isomorphism on
homology. The third statement of Proposition 4.4 implies that Θ is also surjective
from HH(scI [Z]

∂ ) to HH(ΦI [Z]
∂ ). Note now that these homology groups are just
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∂E
1(scI∂), respectively ∂E

1(ΦI∂). In conclusion Θ becomes an isomorphism at the
level of ∂E1 between the spectral sequences of scI∂ and ΦI∂ .

The homology of scI∂ is a particular case of [14, Theorem 4.15] in the double-edge
case. So we have

Proposition 4.5.

HHk(scI∂) = H2n+2−k
S (ΦN∗Y )⊕H2n+1−k

S (ΦN∗Y )
dx

x
.

However, the proof from [14] is quite inexplicit, since it makes use of a Čech
complex adapted to Hochschild homology. We can give a better proof of this result
in the scattering case.

Form the spectral sequence ∂E with respect to the boundary filtration. We have
just seen that

∂E1
i,j(

scI∂) = Λi+jS (ΦN∗Y )x−i ⊕ Λi+j−1
S (ΦN∗Y )x−1−idx.

We claim that, up to sign,

(21) d1 = ∗scd∗sc,
where d is the de Rham differential, and ∗sc := (ı∗sc)

−1 ∗ ı∗sc is the conjugate of
Brylinski’s symplectic duality operator by the dual ı∗sc of the scattering structure
map ısc : scTYε → TYε. Indeed, this follows as in [3] from the formula of the
normal operator of a commutator: if A ∈ scIi∂ , B ∈ scIj∂ , then N [i+j−1]

Φ ([A,B]) =
{N [i]

Φ (A),N [j]
Φ (B)}sc, where { , }sc := (ı∗sc)

−1{ , }ı∗sc is the scattering Poisson
bracket.

We now note that the isomorphism ∗sc splits according to x-degree as follows:

∗sc : ΛkS(ΦN∗Y )xl ⊕ Λk−1
S (ΦN∗Y )xl−1dx(22)

−→ Λ2n+2−k
S (ΦN∗Y )xl+k−n−1 ⊕ Λ2n+1−k

S (ΦN∗Y )xl+k−n−2dx.

The homology of homogeneous forms in x is concentrated in homogeneity 0. To-
gether with (21), it follows that

∂E2
i,j(

scI∂) =
{
Hn+1−i

S (ΦN∗Y )⊕Hn−i
S (ΦN∗Y )dxx if j = n+ 1,

0 otherwise.

Thus, ∂E(ΦI∂) degenerates at ∂E2. The convergence of these spectral sequences
follows from Corollary B.9. Now a map between filtered complexes that induces
an isomorphism on E∞ is actually a quasi-isomorphism, provided the spectral se-
quences are convergent [24]. We summarize these remarks as follows.

Theorem 4.6. The map Θ induces an isomorphism

HHk(ΦI∂)
∼=←− HHk(scI∂) ∼= H2n+2−k

S (ΦN∗Y )⊕H2n+1−k
S (ΦN∗Y )(23)

∼= Hn+1−k(Y,O(Y ))⊕Hn−k(Y,O(Y )) ,

where O(Y )→ Y is the orientation bundle of Y . Moreover, HHk(ΦI∂) inherits the
filtration by the total x-order, and

HHk(ΦI∂)j =
{
HHk(scI∂), if j ≥ k − n− 1,
0 otherwise.

Proof. For the last isomorphism in (23) we have used the Thom isomorphism. �
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5. The homology of the symbolic Φ-algebras

As Benameur and Nistor noticed [2], the homology of the algebra of symbols
of a large class of pseudodifferential algebras can be computed using the spectral
sequence argument of Wodzicki [43] and Brylinski and Getzler [3], [4]. In fact, this
spectral sequence degenerates at E2. However, the convergence of this sequence is
non-trivial because of the boundary filtration that plays a role in the definition of
the Hochschild chain spaces.

For the algebra ΨZ(M), where M is a closed manifold, the convergence is almost
tautological (see, however, Appendix B). It is also fairly obvious for the double-
edge algebra [14], because of the vanishing of the double-edge Poisson bracket at
the boundary. In the fibered cusp case, however, convergence is subtle. We prove
in Appendix B a general convergence result which applies to this case, formalizing
the corresponding result from [35].

The Hochschild chain spaces Ck(ΦAσ) admit a filtration given by the total opera-
tor order of the factors in the tensor product. This filtration is compatible with the
boundary map; hence it induces a spectral sequence σE. The σE1 term is just the
homology of the graded algebra, which in turn is isomorphic to a space of exterior
forms, the isomorphism being given by the Hochschild-Kostant-Rosenberg map:

σE1
i,j(

ΦAσ) = HHi+j(Ψ
[Z],Z
Φ (X))[i] ' Λi+j[i] (ΦT ∗X \ {0})[x−1] ,

where as usual the subscript [i] in Λ∗[i] stands for the space of homogeneous forms of
degree i with respect to the natural R+-action along the fibers of ΦT ∗X \ {0}. We
claim that up to sign the boundary map d1 equals ∗Φd∗Φ, where ∗Φ = (ι∗Φ)−1 ∗ ι∗Φ,
and ∗ is the symplectic duality operator on T ∗X [3]. Indeed, this can be proved
as in [4], using the form of the Poisson bracket (5). In fact, this claim also follows
from the corresponding result in [4] for the interior of X , and then by continuity at
the boundary.

Notice now that ∗Φ splits according to homogeneity:

∗Φ : Λk[l](
ΦT ∗X \ {0})→ Λ2N−k

[N−k+l](
ΦT ∗X \ {0}),

and that the de Rham cohomology of homogeneous forms is concentrated in homo-
geneity 0. Indeed, on Λ∗[p], contraction with the radial vector field R in the fibers
of ΦT ∗X is a homotopy between pI and 0. It follows that
(24)

σE2
i,j(

ΦAσ) =
{
HN−i(ΦS∗X × S1)⊕HN−i−1(ΦS∗X |∂X × S1) if j = N,
0 otherwise.

This proves in particular the degeneracy of the spectral sequence, because all
the higher differentials dk for k > 1 must vanish. We must prove convergence; that
is, we must show that the σE∞ terms are isomorphic to the graded groups associ-
ated to HH(ΦAσ) with respect to the symbol filtration. This is unfortunately not
obvious: the E0 term of the spectral sequence has infinitely many nonzero com-
ponents along the diagonals {(i, j) ∈ Z2; i + j = constant}. So standard diagram
chasing will produce infinite sums of Hochschild chains. Such sums make sense
(i.e., are asymptotically summable) only if they are uniformly bounded in the three
filtrations from Appendix B. Moreover, as for any spectral sequence, we only get
information about filtration quotients of the homology; we include in the definition
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of convergence the condition that the “residual” part of the homology (i.e., those
classes that admit representatives of arbitrarily low filtration order) vanishes.

We are going to prove the convergence of σE(ΦAσ) using Theorem B.4, by showing
that assumptions H1–H6 hold. First, the fibered cusp symbol algebra satisfies the
hypothesis of Lemma B.6; so H4 and H5 do hold. H6 is obvious. Condition H2
follows immediately from (24), likewise the first part of condition H1 (the existence
of β ∈ Ci+1,Z;Z

k such that b(β) + α ∈ Ci−1,Z;Z
k−1 ).

For H3, we study the spectral sequence σE (relative to the symbol filtration) of
the graded algebra ΦAZ,[Z]

σ of ΦAσ with respect to the boundary filtration. Recall
from (9) that ΦAZ,[Z]

σ is isomorphic to the algebra Ψ̃Zsus(ΦN∗Y )−ϕ(∂X)⊗ C[x, x−1].

Proposition 5.1. The spectral sequence σE(ΦAZ,[Z]
σ ) of the Hochschild complex of

ΦAZ,[Z]
σ degenerates at σE2.

Proof. This result is essentially contained in [33]. Consider the short exact sequence
of algebras

(25) 0 −→ Bsus −→ ΦAZ,[Z]
σ −→ Fsus −→ 0,

where Bsus is the ideal of those symbols in ΦAZ,[Z]
σ that vanish rapidly at the vertical

sub-bundle of ΦT ∗X , and (25) serves as the definition of the algebra Fsus. This
short exact sequence induces long exact sequences of σE1 terms, but these actually
decompose as short exact sequences of homogeneous differential forms

0 −→ σE1
ij(Bsus) −→ σE1

ij(
ΦAZ,[Z]

σ ) −→ σE1
ij(Fsus) −→ 0.

Thus we get long exact sequences both on the σE2 terms (from the short exact
sequences of σE1 terms) and on Hochschild homology (induced from (25) by H-
unitality of Bsus).

There exist many exterior derivations on the algebra ΦAZ,[Z]
σ , namely the covari-

ant derivatives ∇V of Section 4, for V either equal to ∂x or a vector field with
polynomial coefficients on ΦNY . These derivations act on the Hochschild complex
by contraction and by Lie derivative (see [20]). These actions descend to Hochschild
homology and to the spectral sequences, and they commute with the differentials.

Since the polynomial functions f on ΦNY and in the variable x are central in
ΦAZ,[Z]

σ , we can define an “exterior product” action of such a function f on the
Hochschild complex by

a0 ⊗ . . .⊗ ak
f∧7−→

k∑
i=0

(−1)ia0 ⊗ · · · ⊗ ai ⊗ f ⊗ · · · ⊗ ak.

Again, this operation commutes with the Hochschild boundary map, and hence
with all differentials in the spectral sequence. It is straightforward to check that,
for a polynomial function f as above,

[e∇V , f∧] = V (f)I, [L∇V , f∧] = V (f)∧, f ∧ g∧ = −g ∧ f∧,
where V (f) is the V -derivative of the function f in the direction of the vector V .
Also, on Hochschild homology, e∇U e∇V = −e∇V e∇U . This was shown by hand in
[35], but it follows directly from the product structure of Hochschild cohomology
HH∗(A,A) and its action on homology (we are grateful to Colin Ingalls for this
argument).
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These algebraic properties of ΦAZ,[Z]
σ and the explicit computation of σE2(Fsus)

and σE2(Bsus) similar to [33] are enough to show that (i) the spectral sequences
σE(Fsus) and σE(Bsus) degenerate at σE2, and (ii) the boundary map in the sequence
of σE2 terms vanishes. Inductively, we get a long exact sequence of σEp terms that
actually splits into short exact sequences, for p ≥ 1. The Five Lemma shows that
σE(ΦAZ,[Z]

σ ) also degenerates at σE2. �

By Corollary B.8 we see that H3 is fulfilled. Now we use the notation of Appen-
dix B to prove H1.

Proposition 5.2. Let a ∈ Ci,j;lk (ΦAσ) be a chain surviving at σE2
i,k−i, i.e., such

that d0[a]σE0 = 0 and d1[a]σE1 = 0. If k−i 6= N and l ≥ 1+max{i+δ0
i+1, j+δ0

j+1},
then there exists β ∈ Ci+1,j+1;l

k (ΦAσ) such that b(β) + a ∈ Ci,j+1;l
k and b(β) + a is

exact as a chain in C
[i],j+1;l
k .

Proof. Let [a]σE1(ΦAσ) be the form represented by a at σE1
i,k−i(

ΦAσ). Then ∗Φ[a]σE1

is closed, since a is a cycle, and it is exact because k − i 6= N . Moreover,

(k − i−N) ∗Φ [a]σE1 = dıR ∗Φ [a]σE1 = d ∗Φ ι∗Φ(α) ∧ [a]σE1 ,

where α is the canonical 1-form on T ∗X . By Lemma B.7 the form ι∗Φ(α) ∧ [a]σE1

can be represented by a chain β1 ∈ C [i+1],j+1;l
k (Ψ[Z],Z

Φ ). �

Thus H1 also holds for ΦAσ; so we can apply Theorem B.4. An entirely similar
analysis is done for the algebras ΦA∂,σ and ΦIσ. We summarize the results in the
next theorem. The subscripts rel (respectively, abs) denote de Rham cohomology
of forms vanishing to the boundary (respectively, smooth up to the boundary).

Theorem 5.3.

HHk(ΦIσ) ∼= H2N−k
rel (ΦS∗X × S1),

HHk(ΦAσ) ∼= H2N−k
abs (ΦS∗X × S1)⊕H2N−1−k(ΦS∗X |∂X × S1),

HHk(ΦA∂,σ) ∼= H2N−k(ΦS∗X |∂X × S1 × S1).

Moreover, for i 6= k − N , HHk(ΦAσ)[i] and HHk(ΦA∂,σ)[i] vanish, and HHk(ΦAσ)
(respectively HHk(ΦA∂,σ)) can be represented by chains in Ck−N,k−n−1

k (ΦAσ) (resp.
in Ck−N,k−n−1

k (ΦA∂,σ)).

Proof. The isomorphisms follow from Theorem B.4. By analyzing the Φ-symplectic
duality operator ∗Φ (the homogeneities given in (22) are valid for absolute forms
with symbol coefficients as well) and by Lemma B.7, we get the indices with respect
to the boundary filtration as claimed. �

We remark that the long exact sequence in Hochschild homology (which exists
since ΦIσ is H-unital) coincides with the long exact sequence of σE2 terms induced
from the short exact sequence of σE1 terms, which is just the de Rham absolute-
relative cohomology long exact sequence.

6. The boundary sequence

In order to compute HH(ΦA∂), consider the short exact sequence of algebras

(26) 0→ ΦI∂ → ΦA∂ → ΦA∂,σ → 0.
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We have already computed the homologies of the two extremal algebras. By H-
unitality of ΦI∂ (an issue that we are not going to stress here), there exists a long
exact sequence in Hochschild homology induced from (26). This long exact sequence
is completely determined by the boundary maps

(27) δk : HHk(ΦA∂,σ)→ HHk−1(ΦI∂).

When looking at the associated graded algebras with respect to the boundary fil-
tration, the result is quite simple, in the sense that all boundary maps vanish. We
have already mentioned this fact in Proposition 5.1. This says basically (as shown
in [33]) that there is no analog of the index map for suspended operators. It follows
that the boundary maps δ decrease the boundary filtration order by at least 1. The
only relevant dimensions are for k ≤ n+ 2; otherwise HHk−1(ΦI∂) = 0. Now note
that HHk+1(ΦA∂,σ) has representatives in boundary filtration k−n (Theorem 5.3).

Let α be a homology class in HHk+1(ΦA∂,σ). By H-unitality, there exists A ∈
Ck+1(ΦA∂,σ) representing the class α such that b(A) ∈ Ck(ΦI∂). Moreover, we can
assume that A ∈ CN−k−1,k−n

k+1 (ΦA∂,σ). From the fact that the boundary map in the
associated graded algebras vanishes, we can also assume that b(A) ∈ Ck−n−1

k (ΦI∂).
The boundary map δ is defined simply by δ(α) := [b(A)]. We do not know in

general how the isomorphism from Theorem 4.6 associates a cohomology class to
a cycle; however, we have been able to show that the boundary filtration order of
the cycle b(A) is k − n − 1, which is exactly the filtration order where HHk(ΦI∂)
is concentrated (Theorem 4.6). This means that [b(A)] can be explicitly computed
from its top component:

[b(A)] = ∗scK(b(A)[k−n−1]) ∈ H2n+2−k
S (ΦNY ⊗ L).

Now use the Thom isomorphism between Schwartz-coefficient de Rham cohomology
and cohomology of the base with coefficients in the orientation bundle:

[b(A)] =
∫

ΦNY/Y

∗scK(b(A)[k−n−1]) ∈ Hn+1−k(Y ⊗ L,O(Y )).

Now let Q be a positive Φ-operator of order (1, 0) and let Qz be its complex pow-
ers. The construction of complex powers in the Φ-setting is briefly discussed in
Theorem 7.1. Notice the identity

Qzb(A) = b(QzA) + zQzelogQ(A) +O(z2),

where elogQ(A) is the action of the exterior derivation Ak 7→ [logQ,Ak] on the
Hochschild complex given explicitly by (see also [20])

A0 ⊗ . . .⊗Ak 7→ [logQ,Ak]A0 ⊗ . . .⊗Ak−1.

We can then write

[b(A)] =
∫

ΦNY/Y

∗scK(Qzb(A)[k−n−1])|z=0(28)

=

[∫
ΦNY/Y

∗scK(b(QzA)[k−n−1])|z=0

]
[0]

+Resz=0

[∫
ΦNY/Y

∗scK(QzelogQ(A))

]
[0]

,
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where the subscript [0] denotes the part of homogeneity 0 in x. We first examine
the second term in (28). By Fubini’s formula, it equals

− 1
(2π)m

[
Resz=0

∫
ΦT∗X/Y

∗φHKR(QzelogQ(A))

]
[0]

.

We claim that this is just
1

(2π)m

∫
ΦS∗X/Y

α.

Indeed, ∗φHKR(QzelogQ(A)) is a form with symbol coefficients on ΦT ∗X of homo-
geneity z. So the residue only depends on the principal symbol and is given by the
above formula by a standard computation in Wodzicki-type formulas.

We claim now that the first term in (28) vanishes in cohomology, i.e., it is exact.
This would be clear if b(QzA)[k−n] were equal to 0, since in that case the same
computation that gives d1 in ∂E(ΦI∂) would give

(29) ∗scK(b(QzA)[k−n−1]) = d ∗sc K(QzA)[k−n].

This holds for values of z of small enough real part. By the Hodge theorem, the
space of exact forms is closed in the C∞ topology; hence the regularized value at
z = 0 is also exact. In general, b(QzA)[k−n] ≡ 0 modulo an entire family of chains
of order (N − k − 2 + z, [k − n]) that vanishes at z = 0; hence the identity (29) is
shown to be valid at z = 0 as in [35]. We summarize what we have obtained so far.

Proposition 6.1. In terms of the identifications of Theorems 5.3 and 4.6, the
boundary map (27) is given by

δk =
1

(2π)m

∫
ΦS∗X/Y

.

The two copies of S1 in Theorem 5.3 correspond to a concentrated way of writing
the de Rham cohomology of homogeneous forms in the variables x and r. By
Proposition 6.1 the boundary map sends H2N−k−1(ΦS∗X |∂X×S1)⊗ dr

r to 0; hence
(from the long exact sequence induced by (26)) this space lies in the image of the
canonical map HHk(ΦA∂) → HHk(ΦA∂,σ). The dimension of the sphere fibers of
the fibration ΦS∗X |∂X → ∂X equals the dimension of the base, and so from the
Leray spectral sequence it follows that ΦS∗X |∂X is cohomologically a product:

H∗(ΦS∗X |∂X) ' H∗(∂X,O(X))⊗H∗(SN−1).

For k ≤ n+ 2 ≤ N we deduce that

H2N−k(ΦS∗X |∂X × S1) ' HN−k+1(∂X × S1,O(X)).

We get from here a characterization of HH(ΦA∂). Let IN−k+1 be the push-forward
map (integral along the fiber)

IN−k+1 : HN−k+1(∂X × S1,O(X))→ Hn−k+2(Y × S1,O(Y )).

Theorem 6.2.

HHk(ΦA∂) ∼= H2N−k−1(ΦS∗X |∂X × S1)⊕ ker(IN−k+1)⊕ coker(IN−k).

Proof. In the long exact sequence induced by (26) we write HHk(ΦA∂) as ker(δk)⊕
coker(δk+1). These spaces were identified above. �
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Corollary 6.3. The dimension of HH0(ΦA∂) is 1, and so there exists a unique (up
to a constant) continuous trace on ΦA∂.

Proof. From Theorem 6.2 for k = 0 we get

H2N−k−1(ΦS∗X |∂X × S1) = C,
IN+1 = 0,

coker(IN ) = 0.

Only the last equality needs some explanation. The integral map

I∂X : HN (∂X × S1,O(X))→ C

is an isomorphism. The same is true for IY : Hn+1(Y × S1,O(Y )) → C. But
I∂X = IY ◦ IN ; so IN is also an isomorphism. �

We remark that the boundary map and the homology of ΦA∂ depend strongly
on the geometry of the boundary fibration.

7. Traces and generalized residues of the fibered cusp calculus

The computations of the previous sections show that dimCHH0(A) = 1 for
A = ΦIσ,ΦI∂ ,ΦAσ,ΦA∂ ,ΦA∂,σ; thus, there exists, up to a multiplicative constant, a
unique trace on these algebras. We are going to identify these traces as residues
of the analytic continuation of a “double-zeta” function, and we are going to give,
additionally, explicit formulas. The corresponding results about traces for the cusp
calculus were obtained in [34, Section 5]. Some of the proofs depend on formal
manipulations with zeta functions that can be found in [34]; so we will only state
those results and leave the necessary changes of the proofs to the reader.

Theorem 7.1. Let Q ∈ Ψ1,0
Φ (X) be a positive Φ-operator, possibly with bundle

coefficients. Then the family of complex powers C 3 z 7→ Qz is a holomorphic
family of Φ-operators, Qz ∈ Ψz,0

Φ (X).

Proof. The complex powers of Q are constructed using the method of Bucicovschi
[5], who extended the proof of Guillemin [12, Theorem 5.5] to the case of non-
commutative symbols. We assume the reader to be familiar with these two papers
for the purpose of this proof.

The algebra Ψm
Φ (X) has two symbol maps, which must be treated simultane-

ously. We first note that the complex powers of NΦ(Q) form a holomorphic fam-
ily of suspended operators, NΦ(Q)z ∈ Ψz

sus(ΦNY )−ϕ(∂X). This follows modulo
Ψ−∞sus(ΦNY )−ϕ(∂X) from [5, Proposition 1.4], and is corrected to a true family of
complex powers as in [12, Section 5]. It is clear that the principal (conormal)
symbol of Q admits complex powers, and that

σz(NΦ(Q)z) = σ1(Q)z|∂X .
This allows us to start Bucicovschi’s induction argument: there exists a holomorphic
family Q0(z) with Q0(0) = I, Q0(1) = Q, σz(Q0(z)) = σ1(Q)z and NΦ(Q0(z)) =
NΦ(Q)z . This implies that

Q0(z)Q0(τ)Q0(z + τ)−1 = 1 +R1(z, τ),

where R1(z, τ) ∈ Ψ−1,−1
Φ (X) is holomorphic in the two variables. Notice that in

[5] the error symbols Rj are sections in a von Neumann algebra bundle, whereas
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here they have a component in the Fréchet algebra Ψ0
sus(ΦNY )−ϕ(∂X) (the bound-

ary symbol). Nevertheless, there is basically no modification needed to prove [5,
Propositions 1.3, 1.4] in our case; a new argument is only necessary to show that
the map

Ψk
sus(ΦNY )−ϕ(∂X) 3 A 7→

∫ 1

0

Q−tAQtdt ∈ Ψk
sus(ΦNY )−ϕ(∂X)

is surjective. This surjectivity is true modulo Ψk−1
sus(ΦNY )−ϕ(∂X) (it reduces then

to Bucicovschi’s case of matrix–valued symbols), and also on Ψ−∞
sus(ΦNY )−ϕ(∂X).

Asymptotic completeness of Ψ0
sus(ΦNY )−ϕ(∂X) modulo the ideal Ψ−∞

sus(ΦNY )−ϕ(∂X)
ends the proof of the induction step.

By induction and asymptotic completeness of ΨΦ(X) modulo Ψ−∞,−∞Φ (X), we
get an approximate complex powers family Q(z) modulo Ψ−∞,−∞Φ (X), i.e.,

Q(z)Q(τ)Q(z + τ)−1 = 1 +R(z, τ) ∈ 1 + Ψ−∞,−∞Φ (X).

Again as in [12, Section 5] we show that Q(z) differs from the true complex powers
family Qz by a holomorphic family in Ψ−∞,−∞Φ (X); so it follows that Qz ∈ Ψz,0

Φ (X)
is a holomorphic family. �

In particular, we see that the complex power Qz is again a Φ-operator of complex
order z ∈ C. Extending the approach of Guillemin [12] and Bucicovschi [5], complex
powers could recently be constructed simultaneously for a large class of boundary
fibration structures and non-compact manifolds [1]; however, it is necessary to
stress that in this generality complex powers are realized in the so-called Guillemin
completion of the calculus, which contains slightly more smoothing operators than
the original (small) calculus.

Proposition 7.2. Let Ω ⊆ C2 be open and connected with [R,∞) × [R,∞) ⊆ Ω
for some R ∈ R, and let A : Ω −→ Ψm0,k0

Φ (X) be holomorphic. Then the functions

Tk : Ω ∩ {Re z > k0 + n+ 1} ∩ {Reλ > m0 +N} −→ C,
with T1 : (λ, z) 7→ Tr(A(λ, z)%zNQ

−λ) and T2 : (λ, z) 7→ Tr(A(λ, z)Q−λ%zN ), are
holomorphic. Moreover, there exist meromorphic functions T̃k : Ω −→ C with at
most simple poles at λ = m0 + N − `, ` ∈ N0, and z = k0 + n + 1 − j, j ∈ N0,
which coincide with Tk on the component of Ω containing [R′,∞) × [R′,∞) for
some R′ ∈ R.

For A ∈ Ψm0,k0
Φ (X), we let Z%N ,Q(A) be the meromorphic extension of the

holomorphic function

{Re z > k0 + n+ 1} ∩ {Reλ > m0 +N} 3 (λ, z) 7−→ Tr(A%zNQ
−λ),

which exists by Proposition 7.2; then (λ, z) 7→ zλZ%N ,Q(A)(λ, z) is regular in a
neighborhood of 0 ∈ C2, and we can define Tr∂,σ(A), T̂r∂(A) and T̂rσ(A) by

zλZ%N ,Q(A)(λ, z) =: Tr∂,σ(A) + λT̂r∂(A) + zT̂rσ(A)(30)

+λ2W (λ, z) + λzW ′(λ, z) + z2W ′′(λ, z) ,

where W,W ′,W ′′ are holomorphic near 0 ∈ C2 (and not unique!). Because of

Tr(A%zNQ
−λ −AQ−λ%zN ) = Tr

(
A(id−Q−λ%zNQλ%−zN )%zNQ

−λ) ,
we could have used in (30) also the zeta function Z̃%N ,Q(A) : (λ, z) 7→ Tr(AQ−λ%zN ).
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Furthermore, let ωΦ be the canonical singular symplectic form on ΦT ∗X , and let
us denote by iR (resp. ix2∂x) the contraction with the radial vector field R in the
fibers of ΦT ∗X (resp. with the canonical vector field x2∂x, normal to the boundary).
Recall that %σ : ΦT

∗
X → R+ denotes a defining function for the Φ-cosphere bundle

ΦS∗X . Moreover, the pull-back of the boundary defining function %N : X → R+

under the projection ΦT
∗
X → R+ yields a defining function for the face ΦT

∗
X |∂X ,

again denoted by %N for simplicity.
In the rest of this section, we summarize the properties of the functionals Tr∂,σ,

T̂r∂ , and T̂rσ.

Proposition 7.3. The double-residue Tr∂,σ : ΨZ,ZΦ (X) → C is a trace functional
that is independent of the choice of Q. Moreover,

Tr∂,σ(Ψ−∞,ZΦ (X) + ΨZ,−∞Φ (X)) = 0.

Thus, Tr∂,σ defines a trace functional on ΦA∂,σ. If A ∈ ΦA∂,σ is represented by∑
k≤k0,m≤m0

Am,k with Am,k ∈ %−kN %−mσ C∞(ΦS∗X |∂X), then

Tr∂,σ(A) = (2π)−N
∫

ΦS∗X|∂X
A−N,−(1+n)ix2∂x iRω

N
Φ .

The “unique” traces on ΦAσ (resp. ΦA∂) are then given by the composition of
Tr∂,σ with the natural projections ΦAσ → ΦA∂,σ (resp. ΦA∂ → ΦA∂,σ).

Since ZQ,x(A) is entire for A ∈ Ψ−∞,−∞Φ (X), the linear functionals T̂rσ and T̂r∂
descend to linear functionals on ΨZ,ZΦ /Ψ−∞,−∞Φ .

Proposition 7.4. The restriction Trσ : ΦIσ → C of T̂rσ to ΦIσ is a trace func-
tional; it is independent of the choice of Q, and extends the Wodzicki residue for
the double 2X of X by continuity from operators whose kernels are supported in
the interior. If A ∈ ΦIσ has the asymptotic expansion

∑
m≤m0

Am with Am ∈
%∞N S

[m](ΦT ∗X), i.e., am := (%mσ Am)|ΦS∗X ∈ %∞N C∞(ΦS∗X), then

Trσ(A) = (2π)−N
∫

ΦS∗X

a−N iRω
N
Φ .

To understand the functional T̂rσ, we need to extend the integral

(31) Ċ∞(ΦS∗X) = %∞N C∞(ΦS∗X) 3 f 7−→
∫

ΦS∗X

fiRω
N
Φ

to functions f ∈ %kNC∞(ΦS∗X) with finite k ∈ Z. For such an f ∈ %kNC∞(ΦS∗X),
let

H%N (f) : {z ∈ C : Re z > n+ 1− k} −→ C : z 7−→
∫

ΦS∗X

%zNfiRω
N
Φ .

Then H%N (f) is holomorphic and admits a meromorphic extension H%N (f) to the
complex plane with at most simple poles at z = n + 1 − k − j, j ∈ N0. Let
Φ-∫ %N

ΦS∗X fiRω
N
Φ be the regularized value of H%N (f) at z = 0. Note that Φ-∫ %N

ΦS∗X

extends (31) as desired to %kNC∞(ΦS∗X), but depends mildly on the choice of the
defining function %N .

Proposition 7.5. Let A ∈ Ψm0,k0
Φ (X) be arbitrary, and suppose that the residue

class A+ Ψ−∞,ZΦ (X) corresponds to
∑

m≤m0
Am with Am ∈ %−k0

N S[m](ΦT ∗X), i.e.,
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am := (%mσ Am)|ΦS∗X ∈ %−k0
N C∞(ΦS∗X). Then

T̂rσ(A) =
1

(2π)N
Φ-
∫ %N

ΦS∗X

a−N iRω
N
Φ .

Proof. Consider A%zN for Re z > k0 + n+ 1. Then the function

G%N : {z ∈ C : Re z > k0 + n+ 1} −→ C : z 7→ T̂rσ(A%zN )

is holomorphic, admits a meromorphic extension G%N to the complex plane with at
most simple poles at z = k0 + n+ 1− j, j ∈ N0, and from (30) we see that T̂rσ(A)
coincides with the regularized value of G%N at z = 0. Exactly as in Proposition 7.4
we obtain G%N (z) = (2π)−N

∫
ΦS∗X

b(z)−N iRωNΦ , where the residue class of A%zN ∈
Ψm0,k0−Re z

Φ (X) modulo Ψ−∞,ZΦ (X) is represented by the sum
∑

m≤m0
B(z)m with

B(z)m ∈ %Re z−k0
N S[m](ΦT ∗X) and b(z)m = (%mσ B(z)m)|ΦS∗X . Since on the other

hand we have b(z)m = %zNam, a further look at the definition of the Φ-integral
Φ-∫ %N completes the proof. �

Finally, for the functional T̂r∂ we need to consider an extension of the canonical
trace Tr on the space Ψ̃−∞

sus(ΦN∗Y )−ϕ(∂X) to Ψ̃M
sus(ΦN∗Y )−ϕ(∂X) for arbitrary finite

M ∈ Z (recall the canonical trace Tr that was introduced in Section 2). To this end,
fix a positive operator Q∂X ∈ Ψ̃1

sus(ΦN∗Y )−ϕ(∂X). and construct the holomorphic

family C 3 λ 7→ Qλ∂X ∈ Ψ̃λ
sus(ΦN∗Y )−ϕ(∂X) of complex powers. Note that we

could take Q∂X = NΦ(Q) with Qλ∂X = NΦ(Q)λ = NΦ(Qλ) for Q ∈ Ψ1,0
Φ (X), as

above. Then, for h̃ ∈ Ψ̃M
sus(ΦN∗Y )−ϕ(∂X), the function FQ∂X (h̃) : λ 7→ Tr

(
h̃Q−λ∂X

)
is holomorphic in the domain {λ ∈ C : Reλ > M +N}, and admits a meromorphic
extension to the whole plane with at most simple poles at λ = M +N − j, j ∈ N0.
Let us denote by TrQ∂X (h̃) the regularized value of FQ∂X (H̃) at λ = 0. By the very
definition, TrQ∂X is an extension of Tr that, however, depends on the choice of the
family Q∂X .

Proposition 7.6. The restriction Tr∂ :ΦI∂→C of T̂r∂ to ΦI∂ is a trace functional;
it does not depend on the choice of Q. If A ∈ ΦI∂ corresponds to

∑
k≤k0

%−kffΦ
Ãk

with Ãk ∈ Ψ̃−∞sus(ΦN∗Y )−ϕ(∂X), then

Tr∂(A) = Tr(Ã−(n+1)) .

For fibered cusp operators A of arbitrary order that vanish sufficiently fast at
the front face, we also have a nice formula for T̂r∂(A).

Proposition 7.7. Let A ∈ Ψm0,−(n+1)
Φ (X) be arbitrary, and suppose that the class

A+ ΨZ,−∞Φ (X) is represented by
∑

k≤−(n+1) %
−k
ffΦ
Ãk with Ãk ∈ Ψ̃m0

sus(ΦN∗Y )−ϕ(∂X).
Then

T̂r∂(A) = TrQ∂X (Ã−(n+1)) ,

where Q∂X = NΦ(Q).

Proof. Consider AQ−λ for λ ∈ C with Reλ > m0 +N . Then the function

HQ : {λ ∈ C : Reλ > m0 +N} −→ C : λ 7−→ T̂r∂(AQ−λ)
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is holomorphic, admits a meromorphic extension HQ to the complex plane with at
most simple poles at λ = m0 +N − j, j ∈ N0, and from (30) we see that T̂r∂(A) co-
incides with the regularized value of HQ at λ = 0. Exactly as in Proposition 7.6 we
see that we have T̂r∂(AQ−λ) = Tr(B̃(λ)−(n+1)) where the residue class of AQ−λ ∈
Ψm0−λ,−(n+1)

Φ (X) modulo ΨZ,−∞Φ (X) corresponds to
∑

k≤−(n+1) %
−k
ffΦ
B̃(λ)k with

B̃(λ)k ∈ Ψ̃m0−λ
sus(ΦN∗Y )−ϕ(∂X). Now, B̃(λ)−(n+1) = Ñ (−(n+1))

Φ (A)Ñ (0)
Φ (Q)−λ =

Ã−(n+1)Q
−λ
∂X , and a further look at the definition of TrQ∂X (Ã−(n+1)) completes

the proof. �

Let us point out that the expression for T̂r∂(A) for A ∈ Ψm,k
Φ (X) with arbitrary

k ∈ Z is more complicated.

8. Computation of the index

Recall from [23] that a fibered cusp operator A ∈ Ψp,k
Φ (X) is Fredholm between

appropriate weighted Sobolev spaces if and only if its Φ-principal symbol Φσ(p,k)(A)
and its normal symbol N (k)

Φ (A) are both invertible. Let A be such an operator.
Then A is invertible modulo Ψ−1,−1

Φ (X), and by a formal Neumann series argument
there exists B ∈ Ψ−p,−kΦ (X) such that P1 := id−BA and P2 := id−AB both belong
to Ψ−∞,−∞Φ (X), and, thus, are of trace class. With a little bit more effort and using
a formula for the relative inverse of an operator with closed range which goes back
at least as far as [41] (see also [8] and [11, Bemerkung 5.7]) we can actually find
B ∈ Ψ−p,−kΦ (X) such that P1 and P2 are the orthogonal projections onto the kernel
and cokernel of A.

Note that A⊗B then defines a Hochschild cycle in HH1(ΨZ,ZΦ /Ψ−∞,−∞Φ ). This
simple but crucial observation was made by Melrose and Nistor [34], in the context
of scalar cusp pseudodifferential operators. An analogous statement holds for any
other algebra where elliptic operators admit pseudo-inverses. Melrose and Nistor
extend the definition of this 1-cycle to operators acting on sections of a bundle
E . By Morita invariance, the homology of such an algebra is isomorphic to the
homology of the scalar algebra. Then the boundary map of the long exact sequence
of the pair (Ψ−∞,−∞Φ ,ΨZ,ZΦ ) applied to this cycle is a 0-Hochschild class of trace
equal to the index of A.

A slight extension of this construction is carried out in [35] for a fully elliptic
operator between sections of arbitrary vector bundles E ,F . Replace the cycle A⊗B
with Tr(i1AP2 ⊗ i2BP1), where P1, P2 are projections from a trivial bundle Cq
to E ,F , i1, i2 are embeddings in Cq, and Tr is the generalized trace functional
that induces Morita invariance, Tr((aij) ⊗ (bij)) =

∑
aij ⊗ bji. Of course, Morita

invariance does not apply in this general case, since operators from E to F do not
form an algebra.

Now we formally follow the computation from [34] modified in [16] and applied
in a similar situation in [14], and get the following result. The proof is included for
the benefit of the reader.

Proposition 8.1. The boundary map δ in the long exact sequence in Hochschild
homology induced by the short exact sequence

0 −→ Ψ−∞,−∞Φ −→ ΨZ,ZΦ −→ ΨZ,ZΦ /Ψ−∞,−∞Φ −→ 0
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applied to a cycle c ∈ C1(ΨZ,ZΦ /Ψ−∞,−∞Φ ) is given by

C 3 Tr(δ(c)) = T̂r∂(flog %N c)− T̂rσ(elogQc).

Here flog %N and elog %N are actions of the derivation [·, log %N ] on Hochschild
1-chains, namely

flog %N (A0 ⊗A1) = A0[A1, log %N ],
elog %N (A0 ⊗A1) = [A0, log %N ]A1.

Proof. Let C be a lift of c to C1(ΨZ,ZΦ ). Then, from the definitions, we have δ(c) =
[b(C)]HH0(Ψ−∞,−∞Φ ), and hence

Tr(b(C)) = Tr(b(C)%zNQ
−λ)z=0,λ=0.

To avoid introducing heavy algebraic notation, write formally C = U ⊗ V . Then

δ(c) = Tr((UV − V U)%zNQ
−λ)z=0,λ=0

= Tr
[
(U(V − %zNV %−zN )%zNQ

−λ) + (QλV Q−λ − V )U%zNQ
−λ)
]
z=0,λ=0

= Tr
[
zU([V, log %N ] + zF1(z))%zNQ

−λ

+λ([logQ, V ] + λF2(λ))U%zNQ
−λ]

z=0,λ=0
,

where F1(z), F2(λ) are entire families of operators of fixed order. By Proposition 7.2,
the result follows. �

There exist more or less canonical choices for B and Q. More precisely, choose
B to be an inverse of A up to Ψ−∞,−∞Φ and Q = (xkA∗Axk)1/2p modulo Ψ−∞,−∞Φ .
With these definitions, AS(A) := −T̂rσ([A, logQ]B) and T̂r∂(A[B, log %N ]) are in-
dependent of choices. Proposition 8.1 implies the following formula for the index
of A:

Theorem 8.2.
index(A) = AS(A) + T̂r∂(A[B, log %N ]).

The local term can be identified with the coefficient of t0 in the asymptotic
expansion of the heat kernel of A∗A, AA∗ (this is a universal local expression in the
full symbol of A, and so we do not need to construct the heat kernel of Φ-operators
in order to define it). We are able to determine the non-local term T̂r∂(A[B, log %N ])
explicitly in geometric terms for certain differential operators on manifolds whose
boundaries fiber over the circle S1.

Fix a connection in the boundary fibration, i.e., a rule for lifting horizontal vector
fields. Fix a product Φ-metric on X , i.e., a smooth metric on the interior of X that
with respect to local product coordinates close to the boundary looks like

(32)
dx2

x4
+
dσ2

x2
+ g,

where σ is the variable in the circle and g is a family of metrics on the fibers
of φ, independent of x. Let E± → ∂X be vector bundles with fixed Hermitian
metrics and compatible connections ∇. Let E ,F → X be vector bundles such that
E|∂X ' F|∂X ' E+⊕E−. Let A ∈ Diff1

Φ(X ; E) be an elliptic Φ-differential operator
of order 1 which near the boundary (for x < ε) has the form

(33) A = σ(x)
(
x2∂xI2 +

[
−ix∇̃∂σ D∗

D ix∇̃∂σ

])
,
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where D is a family of invertible operators on the fibers of the boundary, ∇̃∂σ =
∇∂σ + 1

4 Tr(L∂σg), and σ(x) is a linear isomorphism of E+⊕E− that depends on x.
This hypothesis is motivated by the fact that when the manifold X and the fibers
of the boundary are spin manifolds so that the spin structures on X and on the
fibers are compatible, a twisted Φ-Dirac operator on X with respect to the metric
(32) has this form.

Theorem 8.3. Under the above assumptions we have

(34) index(A) = AS(A)− lima η(δx)
2

,

where the second term is the adiabatic limit of the eta invariant of the operator[
−ix∇̃∂σ D∗

D ix∇̃∂σ

]
on ∂X as x→ 0.

For twisted Dirac operators we identify the local term with the characteristic
form Â(X)ch(T ), whose integral on X is convergent. A related formula has been
obtained by Nye and Singer [38] for the Dirac operator on X = S1×R3, where the
boundary fibration is the projection S1 × S2 → S2. The result announced above
requires a sophisticated proof that will be given in [13].

Appendix A. Symbolic and Schwartz sections of vector bundles

For the convenience of the reader, we recall briefly the definitions of symbolic
sections and Schwartz sections of certain vector bundles. An important notion for
that is the radial compactification of a vector bundle [28].

It is easy to check that the radial compactification map

RC : RN −→ SN+ :=
{

(ω0, ω
′) ∈ SN : ω0 ≥ 0

}
: z 7−→ 〈z〉−1(1, z)

with 〈z〉 :=
√

1 + |z|2 identifies RN with the interior of the upper half sphere SN+ ,
a compact manifold with boundary. The following basic observation is essential for
the definitions of this section.

Proposition A.1. Let % : SN+ → R+ be a boundary defining function. The radial
compactification map RC induces via pull-pack isomorphisms Ċ∞(SN+ ) → S(RN )
and %−mC∞(SN+ ) → Sm(RN ) where S(RN ) is the space of Schwartz functions on
RN , and Sm(RN ) the space of classical symbols of order m ∈ C.

Now let V be an N -dimensional vector space, and V := V ] (V \ {0})/R+. We
want to introduce a differentiable structure on V . Choose a linear isomorphism
T : V → RN , and consider

T : V −→ SN+ : ζ 7−→
{

RC(Tv), ζ = v ∈ V,
limt→∞ RC(T tv), ζ = [v] ∈ (V \ {0})/R+.

Then T is a well-defined bijection that gives V the structure of a differentiable
manifold with boundary, diffeomorphic to SN+ . Since each A ∈ GL(RN ) induces a
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diffeomorphism ΦA : SN+ → SN+ such that the following diagram commutes:

RN
A //

RC

��

RN

RC

��
SN+

ΦA // SN+

the differentiable structure on V does not depend on the choice of the map T .
Everything obviously varies smoothly with parameters; thus, the same construc-

tion carries over to smooth vector bundles. Let X be a compact manifold with
corners, and π : V → X a smooth vector bundle of rank N . Then there is a unique
differentiable structure on V := V ] (V \ {0})/R+ such that π : V → X becomes
a smooth fiber bundle; for each q ∈ X , the fiber π−1(q) is obtained by radially
compactifying the fiber π−1(q). The bundle V is called the radial compactification
of V , whereas the boundary component S(V ) := (V \ {0})/R+ of V is said to be
the sphere bundle of V .

Now let E → X be another vector bundle over X . Note that there are canonical
embeddings RC : V → V and RC∗ : π∗E → π∗E such that the following diagram
commutes:

π∗E
RC∗ //

pr

��

π∗E

pr

��
V

RC // V

Definition A.2. Let %σ : V → R+ be a defining function for the boundary face
S(V ) of V . A section s : V → π∗E is said to be a Schwartz (resp. classical) symbol
of order m ∈ C provided it is the pull-back under RC of a section s̄ : V → π∗E
in
⋂
m∈Z %

−m
σ C∞(V , π∗E) (resp. in %−mσ C∞(V , π∗E)). We write S(V, π∗E) (resp.

Sm(V, π∗V )) for the space of all Schwartz functions (resp. symbols) of order m.
Moreover, in the paper we use the space SZ(V, π∗E) :=

⋃
m∈Z S

m(V, π∗E) of all
symbols of integral order.

Appendix B. Homology of topological filtered algebras

Let A be an algebra. The Hochschild complex of A (with coefficients in A) is
defined by Ck(A) := A⊗(k+1) with differential d : Ck(A)→ Ck−1(A) given by

b(a0 ⊗ . . .⊗ ak) := a0a1 ⊗ . . .⊗ ak − a0 ⊗ a1a2 ⊗ . . .⊗ ak + . . .

+(−1)k−1a0 ⊗ . . .⊗ ak−1ak + (−1)kaka0 ⊗ . . .⊗ ak−1.

If A is a topological algebra, it is more meaningful to involve the topology in the
definition (see [6]). Thus, assuming that A is a nuclear Fréchet algebra, one replaces
the algebraic tensor product with the projective (completed) tensor product. The
most useful example is when A is the algebra of smooth functions on a compact
manifold M . Then the classical Hochschild-Kostant-Rosenberg map

HKR : Ck(C∞(M)) → Λk(M),
a0 ⊗ . . .⊗ ak 7→ a0d(a1) ∧ . . . ∧ d(ak),

has the property HKR ◦ b = 0 and becomes an isomorphism on the continuous
Hochschild homology. This result extends easily to the case where A is the algebra
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of smooth functions on a manifold with boundary or with corners, with Laurent
behavior at some boundary hypersurfaces. In that case the continuous Hochschild
homology is isomorphic via the HKR map to the space of exterior forms on the
manifold, with Laurent behavior at the same hypersurfaces. The map HKR also
computes the homology of the field of Laurent series in one variable, the ring of
Laurent series in several variables and of polynomial rings; we implicitly assume
these facts in the body of the paper.

Since the product in the topological algebra ΨZ,ZΦ (X) is only separately contin-
uous, we cannot directly apply the definition of continuous Hochschild homology
as it is defined for instance in [6]. Instead, we use in a particular case the concept
of Hochschild homology for topological filtered algebras formally introduced by
Benameur and Nistor [2] to cover exactly the case of pseudodifferential operators.
The definition (35) of the chain spaces can be traced back to [4].

Let A be a bi-filtered algebra with topology with two increasing filtrations
{Ai,j}i,j∈Z adapted to the product structure. The model for A is ΨZ,ZΦ (X). So
we use the analogous notation for quotients, ideals and associated graded alge-
bras. For example, A[Z],Z means the graded algebra of A with respect to the first
filtration.

Definition B.1. We say that A is a topological filtered algebra if the following
conditions are fulfilled:

(1) A =
⋃
i,j∈ZAi,j , and the topology onA is the strict inductive limit topology

(this implies that Ai,j ,Ai,∞ and A∞,j are closed in A).
(2) For each i, j ∈ Z the space Ai,j is a nuclear Fréchet space.
(3) The multiplication map Ai1,j1 ⊗ Ai2,j2 → Ai1+i2,j;1+j2 is continuous with

respect to the projective topology.
(4) The canonical maps from Ai,j/A−∞,j to the projective limit as k → −∞

of Ai,j/Ak,j , and from Ai,j/Ai,−∞ to the projective limit as k → −∞ of
Ai,j/Ai,k, are isomorphisms of topological vector spaces.

(5) The canonical maps from A[i],j/A[i],−∞ to the projective limit as k → −∞
of A[i],j/A[i],k, and from Ai,[j]/A−∞,[j] to the projective limit as k → −∞
of Ai,[j]/Ak,[j], are isomorphisms of topological vector spaces.

We emphasize that our definition is less general than the one considered in [2].
Since for fixed i, j the product map Aj,j ⊗Aj,j → A is continuous, one defines

the continuous Hochschild chain spaces as

(35) Ck(A) :=
⋃
j∈Z
Aj,j ⊗̂(k+1)

.

Our innovation consists in introducing three filtrations on Ck(A), in the following
way: a pure tensor a = a0⊗ . . .⊗ ak is said to belong to the linear space ci,j;lk (A) if
a0 ∈ Ai0,j0 , . . . , ak ∈ Aik,jk with i0 + . . .+ ik ≤ i, j0 + . . .+ jk ≤ j, and such that
for any subset S ⊂ {0, . . . , k},

∑
r∈S ir ≤ l and

∑
r∈S jr ≤ l. The space Ci,j;lk (A)

is defined as the closure of ci,j;lk (A) inside Ck(A), endowed with the inductive limit

topology. One has the obvious inclusions Aj,j⊗̂(k+1) ⊂ C(k+1)j,(k+1)j;(k+1)j
k (A) and

Ci,j;lk (A) ⊂ Al,l⊗̂(k+1); thus

Ck(A) =
⋃

i,j,l∈Z
Ci,j;lk (A).
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Since the map b is continuous, it extends to the topological chain spaces. The
topological Hochschild homology of A is then defined as the homology of the com-
plex (Ck(A), b). The advantage of the tri-filtered spaces Ci,j;lk (A) is that

b(Ci,j;lk (A)) ⊂ Ci,j;lk−1(A),

while no analogous property holds for Aj,j⊗̂(k+1).
Since the filtrations are preserved by b, we can form spectral sequences for the

homology of the Hochschild complex with respect to these filtrations. A fundamen-
tal difficulty appears when analyzing such spectral sequences: the E0 terms live
on a half-plane. Thus, tautological properties of first-quadrant spectral sequences
(like collapsing or convergence) will need careful proofs. In particular, we will need
to sum infinite series of chains.

From the definition of topological filtered algebras, every sum
∑∞

q=0 aq, aq ∈
Ak1−q,k2 is asymptotically summable in Ak1,k2 in the following sense: there exists
a ∈ Ak1,k2 such that for all l ≥ 0 we have

a−
l∑

q=0

aq ∈ Ak1−l−1,k2 .

The same property also holds for the second filtration. This property implies that
every sequence aq ∈ Ci−q,j;lk (A), q ≥ 0, is asymptotically summable inside Ci,j;lk (A).
We stress that this statement would fail if we let the third index l vary with q.

Now let AZ,Z be a topological filtered algebra such that
⋂
k∈ZAk,Z = 0. Let

σE(A) denote the spectral sequence of the Hochschild complex of A with respect to
the first filtration. We say that σE(A) degenerates at σEp if the higher differentials
dp, dp+1, etc. all vanish. There exist natural filtrations on Hochschild homology
induced from the filtrations of the Hochschild complex; namely, a homology class
lives in the first filtration i if it can be represented by a cycle in Ci,Z;Z

∗ (A). Moreover,
there exist natural edge maps

(36) HH i+q(A)[i] → σEpi,q(A)

from the graded group of HHi+q(A) with respect to the filtration into the spectral
sequence. We say that σE(A) converges (to the graded Hochschild homology) if it
degenerates at σEp for some p, if the edge maps (to σEp) are isomorphisms, and if
moreover the “residual” homology

⋂
i∈ZHHk(A)i vanishes.

Let (CZ,Z;Z
∗ , d) be any tri-filtered homology complex, i.e., C∗ =

⋃
i,j,l∈Z C

i,j;l
∗ . To

increase readability of the next paragraphs we will use the following conventions:
the subscript ∗ will be generally suppressed. We will work with chains in C, C[Z],Z;Z,
CZ,[Z];Z or C [Z],[Z];Z, and we will indicate the chain space we are working in by the
filtration indices: for example, α ∈ Ci,[j];l denotes a chain in CZ,[Z];Z. If α ∈ Ci,j;l,
we will denote again by α its image in the complex Ci,[j];l.

Lemma B.2. For any spectral sequence associated to a Z-filtered homology complex
(C∗∗ , d) and for all p ∈ N, the edge maps Hi+q(C)[i] → Epi,q are injective.

Proof. The upper index in C∗∗ denotes the filtration, which is assumed to be in-
creasing. Let [α] ∈ Hi+k(C) be represented by a cycle α ∈ Cii+k. Assume that
the image of α in Epi,q vanishes. Then there exists a class [βi+p−1] ∈ Ep−1

i+p−1,i+q+1

such that dp−1[βi+p−1] = [α]Ep−1 . This means that there exists a representa-
tive βi+p−1 ∈ Ci+p−1 of [βi+p−1] such that α − d(βi+p−1) represents the null
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class at Ep−1. Inductively, construct βi+p−2 ∈ Ci+p−2, . . . , βi ∈ Ci such that
α − d(βi+p−1 + . . . + βi) represents the null class at σE0. But this means that
α − d(βi+p−1 + . . . + βi) ∈ Ci−1, or in other words that [α] ∈ Hi+q(C)i−1, as
claimed. �

This lemma is proved using diagram chasing. The essential step in the proof is
summing βi+p−1 + . . . + βi inside Ci+p−1. As long as the sum is finite, there is of
course no problem. However, diagram chasing for other ingredients of convergence
will involve summing infinite series of chains of descending filtration orders. This is
in principle impossible, since the other filtrations might go up! So we must analyze
each step of the diagram chasing very carefully.

Let N ∈ Z be fixed. We assume that for any i, j ∈ Z, j′ ≥ j, i′ ≥ i and
l ≥ 1+max(i+ δi0, j+ δ0

j ), the following assumptions hold for the complex C (these
will be checked individually for the Hochschild chain complexes of the fibered cusp
symbol algebras):

H1. For any k 6= i+N and any chain α ∈ Ci,j;lk that is exact modulo Ci−1,Z;Z,
there exists β ∈ Ci+1,j+1;l such that b(β) + α ∈ Ci,j+1;l and b(β) + α is
exact in C [i],j+1;l.

H2. Let α ∈ Ci,j;lk be such that b(α) ∈ Ci−2,j;l and k 6= i+N . Then α is exact
modulo Ci−1,Z;Z.

H3. Let α ∈ Ci,j;l +Ci
′,j−1;l be such that α is exact in Ci,[j];l modulo Ci−1,[j];l.

Then there exists β ∈ Ci+1,j;l such that b(β) + α ∈ Ci,j;l + Ci
′,j−1;l and

b(β) + α is exact in C [i],[j];l.
H4. Let α ∈ Ci,j;l+Ci−1,j′ ;l be such that α is exact in C[i],j;l. Then there exists

β ∈ Ci,j;l such that b(β) + α ∈ Ci−1,j′ ;l.
H5. Let α ∈ Ci,j;l+Ci

′,j−1;l+Ci−1,j′;l be such that α is exact in C[i],[j];l. Then
there exists β ∈ Ci,j;l such that b(β) + α ∈ Ci−1,j′ ;l + Ci

′,j−1;l.
H6.

⋂
i∈ZC

i,j;l = 0, and any series
∑−∞

i=i0
ai with ai ∈ Ci,j;lk for fixed j, k, l is

asymptotically summable.

The assumptions H1 and H2 say slightly more than the fact that σE(C) degener-
ates at σE2 and that σE2

i,∗ = 0 for ∗ 6= N . Assumption H3 is slightly stronger than
the degeneracy of σE(CZ,[Z];Z) at σE2. Assumption H4 improves the degeneracy
of ∂E(A[Z],Z) at ∂E

1. Finally, H5 gives uniform bounds in the third filtration for
exact chains. We remark here that this condition and a statement analogous to the
second part of Lemma B.7 must be checked in the proof of the convergence result
of [4].

Proposition B.3. Assume that H1–H6 hold for the complex C. Let α ∈ Ci,j;lk be
an exact chain modulo Ci−1,Z;Z. If k 6= i+N , then there exists β ∈ Ci+1,j+1;l such
that b(β) +α ∈ Ci−1,j;l. If k = i+N , then the same conclusion remains valid with
possibly higher indices j, l.

Proof. Assume first that k 6= i + N . By H1 there exists β0 ∈ Ci+1,j+1;l such that
b(β0) +α ∈ Ci,j+1;l and b(β0) +α is exact in C[i],j+1;l. By H4, choose β′1 ∈ Ci,j+1;l

such that b(β0 + β′1) + α ∈ Ci−1,j+1;l. Assume inductively that for 0 ≤ p ≤ q − 1
we have found βp ∈ Ci−p+1,j+1;l and β′q ∈ Ci−q+1,j+1;l such that

b(β0 + . . .+ βq−1 + β′q) + α ∈ Ci−q,j+1;l + Ci−1,j;l.
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The initial step q = 1 was done above. Since α vanishes in Ci−q,[j+1];l, it follows that
b(β0+. . .+βq−1+β′q)+α is exact in Ci−q,[j+1];l. By H3 there exists β′′q ∈ Ci−q+1,j+1;l

such that b(β0+. . .+βq−1+β′q+β
′′
q )+α ∈ Ci−q,j+1;l+Ci−1,j;l is exact in C[i−q],[j+1];l.

By H5 there exists β′q+1 ∈ Ci−q,j+1;l such that

b(β0 + . . .+ βq−1 + β′q + β′′q + β′q+1) + α ∈ Ci−q−1,j+1;l + Ci−1,j;l.

Setting βq := β′q + β′′q , we complete our induction argument.
By H6, the series

∑
βq is asymptotically summable; so set β :=

∑∞
q=0 βq ∈

Ci+1,j+1;l
k+1 . Since

d(β) + α ∈ Ci−1,j;l +
⋂
q>0

Ci−q−1,j+1;l = Ci−1,j;l,

using H6, the conclusion follows for k 6= i+ N . Assume now that k = i + N . The
first step of the argument goes through if we allow for possibly higher j̃, l̃. In the
rest of the proof we did not invoke H1 or H2. So everything goes through for these
new indices j̃, l̃. �

There is something very nontrivial about this proposition. Even without caring
about the third index (which is annoying but not serious), a simple application
of H1 would yield a chain β ∈ Ci+1,j+1;l such that d(β) + α ∈ Ci−1,j+1;l. Then
diagram chasing to write α as a boundary would lead to an infinite series of chains
of decreasing order in i, but increasing in j. It is fortunate that we can reduce
back the second index in the Φ-case (mainly thanks to the fact that H3 holds in
this case), but we believe that for a multi-fibration pseudodifferential algebra this
would not be possible.

Theorem B.4. Let C be a tri-filtered complex satisfying assumptions H1–H6. Then
the spectral sequence σE(C) is convergent.

Proof. We would like to invert the edge maps (36). By H1, H2 and H4 the σE2
i,∗ term

is concentrated on the line ∗ = N . Then let A be a class at σE2
i,N . Then A can be

represented by a chain α1 ∈ Ci,j;li+N (note that in the case of the Hochschild complex
associated to ΦIσ, j can be taken j := i+ N , see Theorem 5.3). Surviving at σE2

means that b(α1) ∈ Ci−1,j;l
i+N−1 and that b(α1) ∈ C [i−1],j;l

i+N−1 is exact. Thus, by H4 there
exists α2 ∈ Ci−1,j;l

i+N such that b(α2)+b(α1) ∈ Ci−2,j;l
i+N−1. Since (i+N−1)−(i−2) 6= N

and b(α2 + α1) is exact modulo anything, we can apply Proposition B.3 to get
α3 ∈ Ci−1,j+1;l

i+N such that b(α1 + α2 + α3) ∈ Ci−3,j;l
i+N−1. Inductively, using H4,

construct αq ∈ Ci−q+2,j+1;l
i+N such that b(α1 + . . .+ αq) ∈ Ci−q,j;li+N−1. By H6, the sum

α :=
∑∞
q=1 αq ∈ Ci,j;li+N is asymptotically summable and represents A at σE2 by

construction, and
b(α) ∈

⋂
q∈N

Ci−q,j;li+N−1 = 0.

So we have found a Hochschild cycle α that maps to A under the edge map (36),
which means that the edge maps are isomorphisms (we have seen above that they
are injective).

Now we prove the vanishing of the “residual homology”
⋂
i∈ZHHk(A)i. In fact,

we prove directly that HHk(A)[k−N−1] = 0. Let [α] be a homology class represented
by a cycle α ∈ Ck−N−1,j;l. By H2 and Proposition B.3, there exists β1 ∈ Ck−N,j+1;l
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such that b(β1) + α ∈ Ck−N−2,j;l. Inductively, there exists βq ∈ Ck−N−q+1,j+1;l

such that b(β1 + . . .+βq) +α ∈ Ck−N−q−1,j;l. The sum β :=
∑∞

q=1 βq is summable
in Ck−N,j+1;l, and moreover

b(β) + α ∈
⋂
q∈N

Ck−N−q−1,j;l = 0,

which shows that α is exact. �

Remark B.5. Proposition B.3 remains valid if we allow any number of exceptional
N ’s in H1 and H2, with the obvious modifications. Thus, Theorem B.4 holds if
we allow a finite number of such exceptional N ’s. This is needed, for instance, for
convergence in the case of the adiabatic algebra [35].

We are now going to establish some sufficient conditions for a topological filtered
algebra and the associated symbolic spectral sequence to satisfy the conditions H3,
H4, and H5. So for the rest of this section we assume that A[Z],Z is isomorphic as an
algebra to C[ρ, ρ−1]⊗A, where A is one of the algebras L⊗A[0],[0] or C∞(Y )[x−1],
for Y a compact manifold with boundary and x a boundary-defining function for
∂Y .

Lemma B.6. Properties H4 and H5 are satisfied by A under the above assumption.

Proof. The algebra A[Z],[Z] is isomorphic to the tensor product A[0],[0]⊗C[ρ, ρ−1]⊗
C[x, x−1]. By the Eilenberg-Zilber theorem, we can replace the Hochschild com-
plex of A[Z],[Z] by the tensor product of the Hochschild complexes C∗(A[0],[0]) ⊗
C∗(C[ρ, ρ−1]) ⊗ C∗(C[x, x−1]), since the explicit quasi-isomorphisms between the
two complexes (the Alexander-Whitney map and the shuffle product) preserve the
two gradings and the third filtration index l. It is then enough to prove the state-
ment for the algebra C[x, x−1] itself. This is done by writing an explicit homotopy
between the Hochschild complex C∗(C[x, x−1]) and the so-called small complex (see
[20, Section 3.1]). Hence we get H5. Property H4 is proved in exactly the same
way, by using formal Laurent series rather than Laurent polynomials in the variable
x−1. �

Note now that the algebra A[Z],Z and hence also HH∗(A[Z],Z) have two gradings
(depending on choices), given by the negative of the total degrees in ρ and x.

Lemma B.7. • Let [α] ∈ σE1
i,k(AZ,[Z]) be a class that corresponds to a class of

degree (i, j) when seen as an element of HHi+k(A[Z],[Z]). Then there exists α ∈
C
i,j;max(i+δi0,j+δ

0
j )

i+k (AZ,[Z]) representing [α].
• Let [α] ∈ σE1

i,k(AZ,Z) be a class that corresponds to a class of degree (i, j) when

seen as an element of HHi+k(A[Z],Z).Then there exists α∈Ci,j;max(i+δi0,j+δ
0
j )

i+k (AZ,[Z])
representing [α].

Proof. It is enough to prove the statement for the algebras C∞(Y )[x−1], L and
C[ρ, ρ−1] (which is obvious), and then to use the shuffle map to the Hochschild
complex of the tensor product algebra. �

Corollary B.8. Assume that the spectral sequence σE(AZ,[Z]) degenerates at σE2.
Then condition H3 is fulfilled.
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Proof. Let α ∈ Ci,j;l be such that α is exact in Ci,[j];l modulo Ci−1,[j];l. This
means there exists βp ∈ Ci+p,j;Z such that b(β) + α ∈ Ci−1,[j];Z. Then α survives
as the null class in σEp(AZ,[Z]), so by hypothesis also at σE2. In other words, there
exists [β] ∈ σE1 with d1[β] = −[α]. Clearly [β] is of (negative) degree (i + 1, j)
in ρ and x. By Lemma B.7 we can choose a representative β ∈ Ci+1,[j];l provided
l ≥ max(i + 1δi0, j + δ0

j ). This is the desired chain β. �

Corollary B.9. Let A be a topological filtered algebra such that the second filtration
is constant. Assume that σE(A) degenerates at σE2, that A[Z] ' C[ρ, ρ−1] ⊗ A[0],
and that A[0] is H-unital. Then σE(A) is convergent.

Proof. The issue is finding asymptotically summable chains in

Ck(A) :=
⋃
i,l∈Z

Ci;lk (A).

Because the graded algebra is a tensor product, we see by Lemmas B.6 and B.7
that if α ∈ Ci;l is exact modulo Ci−1;Z, then there exists β ∈ Ci+1;l such that
b(β) +α ∈ Ci−1;l, provided l ≥ i+ 1 + δ0

i . This allows us to conclude that the edge
maps are isomorphisms and that the residual homology vanishes, by constructing
asymptotically summable series of chains via diagram chasing as in Theorem B.4.

�

The last result is implicitly used in [4].
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